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contributions in different angular-momentum configura-
tions from the broad and overlapping resonances. Thus,
there is now the chance to clarify the “missing” resonance
problem. The attempt to assign (nearly) all baryon reso-
nances to SU(3) multiplets should be helpful to identify
problems and to serve as guidance for further discussions.
This assignment requires to identify the leading orbital
angular momenta L and the spin S within the three-
quark system. Measured quantities are only the total an-
gular momentum, the spin J of the baryon, and its mass.
Here, theoretical input is required. We use a holographic
mass formula derived in [11] which reproduces the known
spectrum of nucleon and ∆ resonances with remarkable
precision.

In this paper, we shall use the word missing resonance
in a restricted sense. E.g., we may interpret the three
resonances N3/2+(1900), N5/2+(2000), N7/2+(1990) [12]
as members of a spin quartet, with orbital angular mo-
menta L = 2 and quark spin S = 3/2 coupling to the ob-
served particle spin J . In this interpretation, N1/2+(1880)
—observed in recent coupled-channel analyses [13]— was
missing to complete a quark spin quartet [14]. But the
existence of a N1/2+ resonance would be required in any
kind of quark model. More subtle is the question if two ad-
ditional doublets (N3/2+ , N5/2+) and (∆3/2+ , ∆5/2+) as
requested by symmetry arguments (see eq. (9) below) are
realized in nature. None of these states has been observed.
The latter type of resonances, i.e. the non-observation of a
complete L, S multiplet, we shall call missing resonances
in the context of this paper.

We refrain here from a discussion of the possibility that
baryon resonances are formed as parity doublets. If this
conjecture holds true, it gives an exciting new approach to
the internal dynamics of excited hadronic states; we give
here a few references for further reading [15–18]. However,
the predictive power of the conjecture is limited: it pre-
dicts that resonances should occur as parity doublets but
there is no prediction at which mass. In this article we
hence restrict ourselves to a discussion of the data within
the quark model and its symmetries.

The outline of the paper is as follows: In sects. 2 and 3
we summarise the empirical data on light-flavoured delta
and nucleon resonances, respectively. In particular we re-
call that these can be suitable organised according to lead-
ing and daughter Regge trajectories where the resonance
positions follow from a simple mass formula. In sect. 4
we summarise the relevant symmetries for light-flavoured
baryons and the classification of states in multiplets within
the framework of the (harmonic oscillator) constituent
quark model. In sect. 5 we discuss the structure of the
nucleon and ∆ resonances within the framework of this
classification, before concluding in sect. 6.

2 The mass spectrum of ∆ resonances

2.1 Regge trajectories

It is well known that meson and baryon resonances lie on
Regge trajectories, i.e. that their squared masses depend

]2
2

M
 [G

eV

0

1

2

3

4

5

6

7

8

9

2
3

2
7

2
11

2
15 J

 (770)U

 (1320)2a

 (1690)3U

 (2020)4a

 (2350)5U

 (2450)6a

 (782)Z

 (1270)2f

 (1670)3Z

 (2050)4f

 (2510)6f

 (1232)+3/2'

 (1950)+7/2'

 (2420)+11/2'

 (2950)+15/2'

Fig. 1. The leading Regge trajectory: ∆ resonances with maxi-
mal J in a given mass range. Also shown is the Regge trajectory
for mesons with J = L + S.

linearly on the total angular momentum J . Figure 1 shows
such a plot; ∆ resonances are plotted having the largest
total angular momentum J in a given mass range. This
trajectory is called the leading Regge trajectory. The reso-
nances are consistent with having even orbital angular mo-
mentum L = 0, 2, 4, 6 and quark spin S = 3/2 maximally
aligned to form total angular momentum J = L+3/2. The
errors in the fit are given by the PDG errors and a second
systematic error of 30MeV added quadratically. This sys-
tematic error is introduced to avoid hard constraints from
well measured meson or baryon masses like the ∆(1232)
mass; the error can be interpreted as uncertainty due to
variations of the self-energy of different hadrons due to,
e.g., the proximity of (strong) decay thresholds.

Figure 1 also shows the leading Regge trajectory of
natural-parity mesons, again as a function of the total an-
gular momentum. Light mesons with approximate isospin
degeneracy and with J = L+1 are presented. Although it
is customary to plot the meson trajectories for L even and
L odd (for positive- and negative-parity mesons, respec-
tively) separately, there is no problem fitting both trajec-
tories simultaneously: This property is called MacDowell
symmetry [19].

The dotted line represents such a common fit to the
meson masses taken from the PDG [12]; the error in the fit
is given by the PDG errors and a second systematic error
of 30MeV added quadratically. The slope is determined
as 1.142GeV2. The ∆ trajectory is given by the ∆(1232)
mass and the slope as determined from the meson tra-
jectory. Obviously, mesons and ∆’s have the same Regge
slope. This observation is the basis for diquark models;
indeed, the QCD forces between quark and antiquark are
the same as those between quark and diquark.

The leading Regge trajectory:  Δ resonances with maximal J in a given mass range. 
Also shown is the Regge trajectory for mesons with J = L+S.

M2[GeV2]

E. Klempt and B. Ch. Metsch

Mesons and Baryons: Same Regge Slope M2 / J !
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Fit to the slope of Regge trajectories, 
including radial excitations

Deur
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Universal Mass Scale

Mesons Baryons

κ = 0.523 ± 0.024 GeV



Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons in n and L:  
Supersymmetric feature of hadron physics
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Profound Questions for Hadron Physics

• Color Confinement 

• Origin of the QCD Mass Scale 

• Meson and Baryon Spectroscopy and Structure 

• Universal Regge Slopes: n, L, Mesons and Baryons: SUSY! 

• Exotic States: Tetraquarks, Pentaquarks, Gluonium 

• Massless Pion: Quark Anti-Quark Bound State 

• Hadron Structure and Dynamics: QCD Coupling at all 
Scales 

• Hadronization at the Amplitude Level 

• Eliminate Scale Ambiguities
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On the elimination of scale ambiguities in perturbative quantum chromodynamics
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We present a new method for resolving the scheme-scale ambiguity that has plagued perturbative
analyses in quantum chromodynamics (QCD) and other gauge theories. For aphelian theories the
method reduces to the standard criterion that only vacuum-polarization insertions contribute to the
effective coupling constant. Given a scheme, our procedure automatically determines the coupling-
constant scale appropriate to a particular process. This leads to a new criterion for the convergence
of perturbative expansions in QCD. We examine a number of well known reactions in QCD, and
find that perturbation theory converges well for all processes other than the gluonic width of the Y.
Our analysis calls into question recent determinations of the QCD coupling constant based upon Y
decay.

I. INTRODUCTION

tr, '(Q)+ C2(Q), + . .

The coefficients C;(Q) depend both upon the exact defini-
tion of the running coupling constant a, (Q) (i.e., the
"scheme" ) and upon the choice of scale Q. When working
to all orders in ct, (Q) the choice of scheme and scale is ir-
relevant; the coefficients C;(Q) are defined so that p is the
same for all choices. However, this freedom can be a seri-
ous source of confusion in finite-order analyses. Indeed,
when working to first order, one can set Ci(Q) to any
value simply by redefining a, or by changing Q. This
coefficient seems meaningless here. In particular, it seems
to give no indication of the convergence of the expansion.
This question is of critical importance in testing QCD,
since a, is rather large ( -0.1—0.3) at current energies. It
is quite likely that perturbation theory will fail completely
for some processes. Such processes must be identified.
The potential difficulties are well illustrated in low-

energy quantum electrodynainics (QED), where, for exatn-
ple, the electron anomaly has a very convergent expansion,

ge —2
ae 2

2
1—O.657—+2.352+

A major ambiguity in the interpretation of perturbative
expansions in quantum chromodynamics (QCD) is in the
choice of an expansion parameter. In general, QCD pre-
dictions for some measurable quantity p have the form

r

tr, (Q)p= Coa, (Q) 1+C, (Q)

while the expansion for orthopositronium decay is much
less convergent:

ro p,——ro 1—10.3—+CX

7T

The difference in convergence rate here is not an artifact
due to a bad choice of scheme or scale; the first-order
coefficients in these expansions should not be absorbed
into a redefinition of a since the running coupling con-
stant for QED does not run at these energies. '

While numerous schemes have been studied [minimal
subtraction (MS), modified minimal subtraction (MS),
momentum subtraction (MOM}], little has been done to
resolve the scale ambiguity in QCD. In this paper we in-
troduce an automatic procedure for determining the
coupling-constant scale appropriate to a particular pro-
cess. Given a scheme, this results in a new criterion for
the convergence of perturbative expansions in QCD by
unambiguously fixing the expansion coefficient Ci(Q) in
Eq. (1) for a given process; perturbation theory cannot be
trusted when Ci (Q)ct, (Q}/m. & 1. Furthermore, the
coupling-constant scale can be determined without com-
puting all higher-order corrections. Thus leading-order
analyses in QCD can be meant ngfully compa'red with ex
peri ments.
In Sec. II, we outline our basic approach as applied to

QED (i.e., Abelian theories). We define the running cou-
pling constant ct(Q) for QED to include all contributions
due to vacuum-polarization insertions in the photon prop-
agator. This is the only natural choice since the variation
of the effective coupling in QED is due to vacuum polari-
zation alone. The coupling-constant scale Q* best suited
to a particular process in a given order can be determined
simply by computing the vacuum-polarization insertions
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Electron-Electron Scattering in QED

t u



• No renormalization scale ambiguity in QED!   

• Gauge Invariant.  Dressed photon propagator 

• Sums all vacuum polarization, proper and improper  

• All non-zero beta terms into running coupling.   This is the purpose of the 
running coupling! 

• Two separate physical scales: t, u = photon virtuality 

• If one chooses a different initial scale, one must sum an infinite number 
of graphs 

• Number of active leptons correctly set  

• Analytic: reproduces correct behavior at lepton mass thresholds 

• No renormalization scale ambiguity!    

Electron-Electron Scattering in QED

t u



Electron-Electron Scattering in QED

t u

This is very important!

This is very important!

This is very important!

This is very important!

↵(t) = ↵(0)
1�⇧(t)

↵(t) = ↵(t0)
1�⇧(t,t0)

Gell-Mann--Low Effective Charge
• Dressed Photon Propagator sums all β (vacuum polarization) contributions, 

proper and improper 

⇧(t, t0) =
⇧(t)�⇧(to)

1�⇧(t0)↵(t) =
↵(t0)

1�⇧(t, t0)
• Initial Scale Choice t0 is Arbitrary! 

• Any renormalization scheme can be used ↵(t)! ↵MS(e�
5
3 t)

�8



Features of BLM Scale-Setting

• All terms associated with nonzero beta function 
summed into QCD running coupling

• Resulting series identical to conformal series 

• Renormalon n! growth of PQCD coefficients from 
beta function eliminated!

• In general, BLM scale depends on all invariants

• �NC → 0 : QCD → QED

  On The Elimination Of Scale Ambiguities In Perturbative Quantum Chromodynamics. 

Phys.Rev.D28:228,1983 Lepage, Mackenzie, sjb



limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

QCD ⇥ Abelian Gauge Theory

limNC ⇥ 0 at fixed � = CF�s, n⌥ = nF/CF

e+e� ⇥ p⇤ p

Huet, sjbAnalytic Feature of SU(Nc) 
Gauge Theory

CF =
N2

C − 1
2NC



Asymptotic unification of 
strong, electromagnetic, and weak 

forces in analytic 
pinch scheme

QED

QCD

M. Binger, sjbSupersymmetric
SU(5)

Must use same renormalization procedure!
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Must Use Same Scale-Setting Procedure! BLM/PMC

Must use same renormalization procedure!



BLM Renormalization scale depends on the thrust
Not constant !

e+e− → Z → q q g + ⋯

S.-Q. Wang, L. Di Giustino,   
X.-G. Wu, sjb

T. Gehrmann, N. H äfliger,       
P. F. Monni

μR(GeV)

e−

Z0e+

BLM
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Conventional scale

BLM-PMC scale

Principle of Maximum Conformality (PMC)
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Conventional scale

PMC scale in QCD 

PMC scale in QED
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FIG. 2. The PMC scale for the C-parameter. As a compar-
ison, the scale µr =

p
s using conventional scale-setting and

the PMC scale in QED are also presented.

fixed at µr =
p
s, the PMC scale is determined by ab-

sorbing the � terms of the pQCD series into the coupling
constant. The resulting PMC scale is not a single value,
but it monotonously increases with the value of C, re-
flecting the increasing virtuality of the QCD dynamics.
Thus, simply fixing the scale at µr =

p
s obviously vio-

lates the physical behavior of the C-parameter distribu-
tion. In addition, the number of active flavors nf changes
with the value of C according to the PMC scale. More
explicitly, the PMC scale in the 0 < C < 0.75 region is
presented in Fig.(2). The LO contribution vanishes in
the 0.75 < C < 1 region; the NLO PMC scale is deter-
mined in this domain by using the NNLO contribution.
Near the two-jet region, the quarks and gluons have soft
virtuality, and the PMC renormalization scale becomes
small. The pQCD theory thus becomes unreliable in this
domain. The dynamics of the PMC scale thus signals the
correct physical behavior in the two-jet region. The cor-
rect physical behavior for event shapes was also obtained
in Refs.[30, 31]. Soft collinear e↵ective theory also deter-
mines the C-parameter distribution at di↵erent energy
scales [32].

Since the renormalization scale is simply set as µr =p
s when using conventional scale setting, only one value

of ↵s at scale
p
s can be extracted. In contrast, since

the PMC scale varies with the value of the event shape
C, we can extract ↵s(Q2) over a wide range of Q2 us-
ing the experimental data at a single energy of

p
s. By

adopting a method similar to [33], we have determined
↵s(Q2) bin-by-bin from the comparison of PMC predic-
tions with measurements at

p
s = MZ ; see Fig.(3). The

results for ↵s(Q2) in the range 3 GeV < Q < 11 GeV are
in excellent agreement with the world average evaluated
from ↵s(M2

Z) [1]. Since the PMC method eliminates the
renormalization scale uncertainty, the extracted ↵s(Q2)
is not plagued by any uncertainty from the choice of µr.
The results for ↵s(Q2) obtained from the thrust observ-
able using the PMC are consistent with the results using
the C distribution [27]. Thus, PMC scale-setting pro-

s ! MZ
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Α
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FIG. 3. The coupling constant ↵s(Q
2) extracted by compar-

ing PMC predictions with the ALEPH data [28] at a single
energy of

p
s = MZ from the C-parameter distributions in the

MS scheme. The error bars are the squared averages of the
experimental and theoretical errors. The three lines are the
world average evaluated from ↵s(M

2
Z) = 0.1181± 0.0011 [1].

vides a remarkable way to verify the running of ↵s(Q2)
from event shapes measured at a single energy of

p
s.

The di↵erential distributions of event shapes are af-
flicted with large logarithms in the two-jet region. Thus,
the comparison of QCD predictions with experimental
data and then the extracted ↵s values are restricted in
the region where the leading-twist pQCD theory is able
to describe the data well. Choosing di↵erent domains of
the distributions leads to di↵erent values of ↵s. Noted
that the mean value of event shapes,

hyi =
Z y0

0

y

�h

d�

dy
dy, (3)

where y0 is the kinematically allowed upper limit of the
y variable, involves an integration over the full phase
space, it thus provides an important platform to com-
plement the di↵erential distributions and to determinate
↵s. Currently, the pQCD predictions even up to NNLO
QCD corrections [34, 35] based on conventional scale set-
ting substantially deviate from measurements.
In contrast to fixing the scale µr =

p
s using conven-

tional scale-setting, we obtain the PMC scales

µpmc

r |h1�T i = 0.0695
p
s, and µpmc

r
|hCi = 0.0656

p
s,

after using the PMC to the mean values for the thrust
and C-parameter, respectively. The PMC scales satisfy
µpmc
r ⌧

p
s. We note that the analysis of Ref.[28] using

conventional scale setting leads to an anomalously large
value of ↵s, showing that a correct description for the
mean values can be obtained by setting µr ⌧

p
s.

When taking
p
s = MZ = 91.1876 GeV, the PMC

scales are µpmc
r |h1�T i = 6.3 GeV and µpmc

r |hCi = 6.0
GeV for the thrust and C-parameter, respectively. The
PMC scales of the di↵erential distributions for the thrust
and C-parameter are also very small. The average of the
PMC scales hµpmc

r i of the di↵erential distributions for

2

14] provides a systematic way to eliminate the renormal-
ization scheme-and-scale ambiguities. The PMC scales
are fixed by absorbing the � terms that govern the be-
havior of the running coupling via the Renormalization
Group Equation (RGE). Since the PMC predictions do
not depend on the choice of the renormalization scheme,
PMC scale setting satisfies the principles of RGI [15–17].
Since � terms do not appear in the pQCD series after
the PMC, there is no renormalon divergence. The PMC
method extends the Brodsky-Lepage-Mackenzie (BLM)
scale-setting method [18] to all orders and reduces in the
Abelian limit to the Gell-Mann-Low method [8].

In this paper, we will apply the PMC to make compre-
hensive analyses for two classic event shapes: the thrust
(T ) [19, 20] and the C-parameter (C) [21, 22]. The PMC
renormalization scale depends dynamically on the virtu-
ality of the underlying quark and gluon subprocess and
thus the specific kinematics of each event. We then can
determine ↵s(Q2) over a large range of Q2 by comparing
the PMC predictions with the experimental data.

The thrust and C-parameter are defined as

T = max
~n

✓P
i |~pi · ~n|P
i |~pi|

◆
, (1)

C =
3

2

P
i,j |~pi||~pj | sin

2 ✓ij

(
P

i |~pi|)
2

, (2)

where ~pi denotes the three-momentum of particle i. For
the thrust, the unit vector ~n is varied to define the thrust
direction ~nT by maximizing the sum on the right-hand
side. For the C-parameter, ✓ij is the angle between ~pi
and ~pj . The range of values is 1/2  T  1 for the
thrust, and for the C-parameter it is 0  C  1.

For our numerical computations, we use the EVENT2
program [23] to precisely calculate the perturbative co-
e�cients at the next-to-leading order (NLO). The per-
turbative coe�cients at the next-to-next-to-leading or-
der (NNLO) can be calculated using the EERAD3 pro-
gram [24], and are checked using the results of Ref.[25].
We use the RunDec program [26] to evaluate the MS
scheme running coupling from ↵s(MZ) = 0.1181 [1].

A detailed PMC analysis for the thrust T has been
given in Ref.[27]. We calculate the C-parameter follow-
ing a similar procedure and present di↵erential distribu-
tions of the C-parameter at

p
s = MZ in Fig.(1). In the

case of conventional scale setting, Fig.(1) shows that the
conventional predictions – even up to NNLO QCD cor-
rections – substantially deviate from the precise experi-
mental data. The conventional predictions are plagued
by the scale uncertainty. Since the variation of the scale
is only sensitive to the � terms, the estimate of unknown
higher-order terms by varying µr 2 [

p
s/2, 2

p
s] is unreli-

able: the NLO calculation does not overlap with the LO
prediction, and the NNLO calculation does not overlap
with NLO prediction. In addition, the perturbative series
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FIG. 1. The C-parameter di↵erential distributions using con-
ventional (Conv.) and PMC scale settings at

p
s = MZ .

The dot-dashed, dashed and dotted lines are the conventional
scale-fixed results at LO, NLO and NNLO [24, 25], respec-
tively, and the corresponding error bands are obtained by
varying µr 2 [MZ/2, 2MZ ]. The solid line is the PMC result,
and its error band is the squared averages of the errors for
↵s(MZ) = 0.1181 ± 0.0011 [1] and the estimated unknown
higher-order contributions ±0.2 Cn. The data is taken from
the ALEPH [28] experiment.

for the C-parameter distribution shows slow convergence
because of the renormalon divergence.
In contrast, Fig.(1) shows that PMC prediction for the

C-parameter distribution is in excellent agreement with
the experimental data. There is some deviation near
the two-jet and multi-jet regions which is expected since
pQCD becomes unreliable due to the presence of large
logarithms in those kinematic regions. The resummation
of large logarithms is thus required, a topic which has
been extensively studied in the literature.
It should be emphasized that PMC eliminates the scale

µr uncertainty; the estimate of unknown higher-order
terms obtained by varying µr 2 [

p
s/2, 2

p
s] is not appli-

cable to PMC predictions. An estimate of the unknown
higher-order contributions can be characterized by the
convergence of the perturbative series and the magnitude
of the last-known higher-order term. We note that the
relative magnitude of the corrections for the C-parameter
distribution is CLO : CNLO : CNNLO ⇠ 1 : 0.5 : 0.2 [29] in
the intermediate region using conventional scale setting.
After using the PMC, the relative magnitude at NLO is
improved to be CLO : CNLO ⇠ 1 : 0.2. The error estimate
of an nth-order calculation can be characterized by the
last known term; i.e., ±Cn, where n stands for LO, NLO,
NNLO, · · ·. After applying the PMC, the unknown Cn+1

term can be estimated using ±0.2Cn if one assumes that
the relative magnitude of the unknown (n + 1)th-order
term is the same as that of the known nth-order term;
i.e., Cn+1/Cn = Cn/Cn�1. The resulting PMC error bar
for the C-parameter distribution is presented in Fig.(1).
This estimate of the unknown higher-order terms is nat-
ural for a convergent perturbative series.
Unlike conventional scale-setting, where the scale is

Renormalization scale depends on the C-parameter

e+e− → Z → qq̄g + ⋯

S.-Q. Wang, L. Di Giustino,   
X.-G. Wu, sjb

MS scheme

GM − L scheme



PMC scale

Conventional scale

Principle of Maximum Conformality (PMC)



Determine QCD running coupling from  
measurement of the  

thrust distribution at one energy!

e+e− → Z0 → q q g + ⋯

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB

αMS
s (Q2)



e+e− → Z0 → q q g + ⋯

S.-Q. Wang, L. Di Giustino, X.-G. Wu, SJB

Determine QCD running coupling from  
measurement of the thrust T and the 

C-distribution at one energy!

A new way to measure  �αs(Q2)

αMS
s (Q2)



Relate Observables to Each Other

• Eliminate intermediate scheme

• No scale ambiguity 

• Transitive!

• Commensurate Scale Relations

• Example: Generalized Crewther Relation



Apply BLM, Eliminate MSbar,  
Find Amazing Simplification



Geometric Series in Conformal QCD

Generalized Crewther Relation

Lu, Kataev, Gabadadze, Sjb



[1 + �R(s⇥)
⇥ ][1� �g1(q

2)
⇥ ] = 1

⌅
s⇥ ⇤ 0.52Q

[1 + �R(s⇥)
⇥ ][1� �g1(q

2)
⇥ ] = 1

⌅
s⇥ ⇤ 0.52Q

Generalized Crewther Relation

Conformal relation true to all orders in perturbation theory



frequency) gives resonance line shapes for !!a and !fc
[Fig. 3(c) and 3(d)]. For weak drives that avoid saturation,
the line shape comes from thermal axial motion within the
magnetic bottle [16]. The small coherent axial oscillation
at !!a has no noticeable effect. However, otherwise unde-
tectable ppb fluctuations in B, on time scales shorter than
an hour, would smear the expected line shapes.

At the first of two magnetic fields used, !!c !
146:8 GHz. A 1.4 s damping time gives good line shape
statistics [e.g., Fig. 3(c) and 3(d)] with 66 measurement
cycles per night on average. Three methods to extract !!a
and !fc from line shapes give the same g within 0.6 ppt—
our ‘‘line shape model’’ uncertainty in Table I. The first is
maximum likelihood fitting of the Brownian motion line
shape. The second method fits a convolution of this line
shape and a Gaussian resolution function, about 1 ppb
wide. The third method weights each drive frequency by
the number of quantum jumps it produces, and uses the
weighted average frequencies in Eq. (4) for !!a and !fc.
(Understood shifts proportional to axial temperature, com-
mon to both frequencies, do not increase the uncertainty.)
This weighted average method should account for
Brownian axial motion and additional fluctuations of B.
At our second field, where !!c ! 149 :0 GHz, the 6.7 s
damping time allows only 29 measurement cycles per night
on average. A long wait is needed to make certain that a
spin flip has not occurred. The weighted averages method
is used for the lower statistics line shapes.

The !!z in Eq. (4) pertains while !fc and !!a are driven—
not what is measured when the SEO amplifier is on and
increasing the axial temperature from 0.3 to 5 K. Limits on
axial heating shifts come from the width of a notch in the
noise spectrum resonance for the resonant circuit [15]
(Table I), measured less well for !!c ! 146:8 GHz.

Although the g value from Eq. (4) is independent of B,
field stability is still an important challenge, since !!a and
!fc are measured at different times. After the superconduct-
ing solenoid settles for several months, field drifts below
10"9 =night have been observed. This requires regulating
five He and N2 pressures in the solenoid and experiment
cryostats, and the surrounding air temperature to 0.3 K. We
correct for drifts up to 10"9 =hr using a cyclotron resonance
edge measured once in 3 h.

The trap cavity modifies the density of states of radiation
modes of free space, though not enough to significantly
affect QED calculations of g [17]. However, cavity radia-
tion modes do shift !fc [18]—still a significant uncertainty,
as in the past [4,18]. We use a synchronized-trapped-
electrons method [19] to observe quantitatively under-
standable radiation modes [Fig. 4(a)] of a good cylindrical
Penning trap cavity [9]. Our best measurement comes from
choosing !!c ! 149 :0 GHz, maximally detuned from
modes that couple to a centered electron’s cyclotron mo-
tion. A measurement at !!c ! 146:8 GHz, uncomfortably
close to TE127, checks how well cavity shifts are under-
stood. Until the cavity spectrum and its frequency calibra-
tion is more carefully studied, TE127 and TM143 are
assumed only to lie within the shaded bands. A renormal-
ized calculation (Eq. 8.19 of [15]) gives a range of possible
cavity shifts of the measured g [Fig. 4(b)] that is insensitive
to mode quality factors for Q> 500. Assigned shifts and
uncertainties are indicated in Fig. 4(b) and in Table I. The
first direct observation of a cavity shift of g, the difference
between our two measurements [Fig. 4(c)], lies within the
predicted range.

A new value for the electron magnetic moment,

 g=2 # 1:001 159 652 180 85 $76% &0:76 ppt'; (5)

comes from the measurement at !!c ! 149 :0 GHz. (A
weighted average with the more uncertain measurement
at !!c ! 146:8 GHz is larger by 0.06 ppt, with a decreased
uncertainty of 0.75 ppt.) The standard deviation, about
6 times smaller than from any previous measurement,
arises mostly from the line shape model and cavity shifts
(Table I). Varying the !!a and !fc drive power causes no
detectable shifts of g.

QED provides an asymptotic series relating g and ",
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TABLE I. Applied corrections and uncertainties for g in ppt.

Source !!c # 146:8 GHz 149 :0 GHz

!!z shift 0.2 (0.3) 0.00 (0.02)
Anomaly power 0.0 (0.4) 0.00 (0.14)
Cyclotron power 0.0 (0.3) 0.00 (0.12)
Cavity shift 12.8 (5.1) 0.06 (0.39)
Line shape model 0.0 (0.6) 0.00 (0.60)
Statistics 0.0 (0.2) 0.00 (0.17)

Total 13.0 (5.2) 0.06 (0.76)
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FIG. 4. Modes of the trap cavity observed with synchronized
electrons (a). Resulting assigned cavity shifts (points and
Table I) (b). First measured cavity shift of g (point) is the shift
between measurements at 146.8 and 149.0 GHz (c). Gray bands
are the assumed calibration and identification uncertainties for
mode frequencies in (a), and the resulting range of predicted
cavity shifts in (b) and (c).
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with hadronic and weak contributions added, and assuming
no electron substructure. Impressive calculations, summa-
rized in [10], give exact C2, C4, and C6, a numerical value
and uncertainty for C8, and a small a!".

A companion Letter [10] announces a new determina-
tion of #, from the measured g and Eq. (6),
 

#!1 " 137:035 999 710 #90$ #33$ %0:66 ppb&%0:24 ppb&;
" 137:035 999 710 #96$ %0:70 ppb&: (7)

The first line gives the experimental uncertainty first and
the QED uncertainty second, including an estimated con-
tribution from a yet uncalculated C10 [10]. The total
0.70 ppb uncertainty is 10 times smaller than for the next
most precise methods [Fig. 1(b)]—determining # from
measured mass ratios, optical frequencies, together with
either Rb [11] or Cs [12] recoil velocities.

The most stringent test of QED (one of the most de-
manding comparisons of any calculation and experiment)
continues to come from comparing measured and calcu-
lated g, the latter using an independently measured # as an
input. The new g, compared to Eq. (6) with ##Cs$ or
##Rb$, gives a difference j$g=2j< 15 ' 10!12. Details
and a discussion are in [10]. The small uncertainties in
g=2 will allow a 10 times more demanding test if ever the
large uncertainties in the independent # values can be
reduced. The prototype of modern physics theories is
thus tested far more stringently than its inventors ever
envisioned [20], with better tests to come.

The same comparison of theory and experiment probes
the internal structure of the electron [1,10]—limiting the
electron to constituents with a mass m( >m=

!!!!!!!!!!!
$g=2

p
"

130 GeV=c2, corresponding to an electron radius R< 1 '
10!18 m. If this test was limited only by our experimental
uncertainty in g, then we could set a limit m( > 600 GeV.
These high energy limits seem somewhat remarkable for
an experiment carried out at 100 mK.

Are experimental improvements possible? A reduction
of the 0.76 ppt uncertainty of the measured electron g
seems likely, given that this fully-quantum measurement
has only recently been realized. Time is needed to study the
line shapes and cavity shifts as a function of magnetic field,
to improve cooling methods, and to make the magnetic
field more stable.

In conclusion, greatly improved measurements of the
electron magnetic moment and the fine structure constant,
and a sensitive probe for internal electron structure, come
from resolving the lowest cyclotron and spin levels of a
one-electron quantum cyclotron. A self-excited oscillation
of the electron reveals one-quantum transitions. A cylin-
drical Penning trap cavity narrows resonance lines by
inhibiting spontaneous emission. Electromagnetic modes
of this understandable cavity geometry, probed with syn-
chronized electrons, shift g in a measurable way that can be

corrected. The new g=2 differs from a long accepted value
by 1.7 standard deviations, and its fractional uncertainty of
7:6 ' 10!13 is nearly 6 times smaller. The new # has an
uncertainty 10 times smaller than that from any other
method to determine the fine structure constant.

Measurement details and a preliminary analysis are in a
thesis [21]. S. Peil, D. Enzer, and K. Abdullah contributed
to earlier versions of the apparatus, and J. MacArthur gave
electronics support. Useful comments came from G.
Feldman, D. Hertzog, T. Kinoshita, P. Mohr, L. Roberts,
B. Taylor, and R. S. Van Dyck, Jr. The NSF AMO program
provided long-term funding.
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Apply BLM : ↵(t̂):
Sums an infinite number of vacuum polarization insertions

μ μ μ

μ μ μ

α(t) =
α(0)

1 − Π(t)



Principle of Maximum Conformality (PMC)



• Eliminates renormalization scale ambiguities for pQCD and 
SM predictions

• Predictions are independent of scheme and initial scale choice

• Convergent conformal series: No “renormalons” 

• Consistent with Gell-Mann Low for QED

• Eliminates many outstanding conflicts of pQCD with 
experiment

• Maximizes sensitivity of LHeC measurements to new physics

BLM/PMC

Cn ∼ αn
s βn

on!

α(t) =
α(to)

1 − Π(t, t0)

Principle of Maximum Conformality

↵s(q2) sums all � terms



Xing-Gang Wu, Matin Mojaza 
Leonardo  di Giustino, SJB

No renormalization scale ambiguity! 

Result is independent of 
Renormalization scheme 

and initial scale!

QED Scale Setting at NC=0 

Eliminates unnecessary  
systematic uncertainty

PMC/BLM

Set multiple renormalization scales -- 
Lensing, DGLAP, ERBL Evolution ...

Rδ-Scheme automatically             
identifies β-terms!

Scale fixed at each order

Principle of Maximum Conformality
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Figure 11. Predictions for the mtt̄ cumulative asymmetry: pure QCD at NLO and NNLO (as
derived in this work), NLO prediction of Ref. [11] including EW corrections, as well as the PMC
scale-setting prediction of Ref. [11].

range of mtt̄ used for the calculation of the NNLO result, fixed and dynamic scales would lead

to consistent predictions within scale errors (see also recent discussion for the LHC [92]).

We conclude that the two scale-setting approaches produce very di↵erent predictions for

the mtt̄ cumulative ÂFB and it should be easy to distinguish between the two with data,

especially in the region around mtt̄ ⇠ 500GeV. We would also like to point out that the

NNLO prediction based on conventional scale-setting with µR = mt exhibits the “increasing-

decreasing” behaviour pointed out in Ref. [11], albeit much less pronounced than in the PMC

scale-setting approach.

5 Comparisons between di↵erent pdf sets

An alternative way of assessing the pdf dependence in theory predictions is to compare calcu-

lations with di↵erent pdf sets. In this section we compare NNLO QCD predictions based on

four state-of-the-art pdf sets: CT10, HERA 1.5, MSTW2008 and NNPDF 2.3. We compare

the central pdf members for central scale choice µF = µR = mt.
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Predictions for the cumulative front-back asymmetry.

AFB
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PMC and Conv NLO :   Wang, Wu, Si, sjb

NLO , NNLO:   Czakon, Fiedler, Heymes, Mitov

NLO

NNLO
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NLO
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Features of BLM/PMC

• Predictions are scheme-independent at every order

• Matches conformal series

• No n! Renormalon growth of pQCD series

• New scale appears at each order; nF determined at each order - matches virtuality of 
quark loops

• Multiple Physical Scales Incorporated (Hoang, Kuhn, Tuebner, sjb)

• Rigorous: Satisfies all Renormalization Group Principles

• Realistic Estimate of Higher-Order Terms

• Reduces to standard QED scale

• GUT: Must use the same scale setting procedure for QED, QCD

• Eliminates unnecessary theory error

• Maximal sensitivity to new physics

• Commensurate Scale Relations between observables: Generalized Crewther Relation   
(Kataev, Lu, Rathsman, sjb)

• PMC Reduces to BLM at NLO:  Example: BFKL intercept (Fadin, Kim, Lipatov, Pivovarov, sjb)
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Dosch, de Teramond, sjb L (Orbital Angular Momentum)

MESONS

BARYONS

bosons fermions

Supersymmetric  
QCD Spectroscopy 



Need a First Approximation to QCD

 Comparable in simplicity to 
Schrödinger Theory in Atomic Physics

Relativistic, Frame-Independent, Color-Confining 

Origin of hadronic mass scale

AdS/QCD
Light-Front Holography 
Superconformal Algebra

     No parameters except for quark masses! 



Challenge: Compute Hadron Structure, Spectroscopy, and 
Dynamics from QCD!



Challenge: Compute Hadron Structure, Spectroscopy, and 
Dynamics from QCD!

• Color Confinement 

• Origin of the QCD Mass Scale 

• Meson and Baryon Spectroscopy 

• Exotic States: Tetraquarks, Pentaquarks, Gluonium, 

• Universal Regge Slopes: n, L, Mesons and Baryons 

• Massless Pion!  (Quark Anti-Quark Bound State) 

• QCD Coupling at all Scales    

• Eliminate Scale Uncertainties and Scheme Dependence 

• Heavy Quark Distributions

αs(Q2)
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Evolve in light-front time!Evolve in ordinary time

P.A.M Dirac, Rev. Mod. Phys. 21, 
392 (1949)

Dirac’s Amazing Idea:
The “Front Form”

Casual, Boost Invariant!

 Trivial LF Vacuum (up to zero modes) 



tify the orbital angular momentum carried
by partons in different ways.

The theoretical framework we have
sketched is valid over a wide range of mo-
mentum fractions x, connecting in particular
the region of valence quarks with the one of
gluons and the quark sea. While the present
chapter is focused on the nucleon, the con-
cept of parton distributions is well adapted
to study the dynamics of partons in nuclei, as
we will see in Sec. 3.3. For the regime of small
x, which is probed in collisions at the highest
energies, a different theoretical description is
at our disposal. Rather than parton distribu-
tions, a basic quantity in this approach is the
amplitude for the scattering of a color dipole
on a proton or a nucleus. The joint distri-
bution of gluons in x and in kT or bT can
be derived from this dipole amplitude. This
high-energy approach is essential for address-
ing the physics of high parton densities and
of parton saturation, as discussed in Sec. 3.2.
On the other hand, in a regime of moder-
ate x, around 10−3 for the proton and higher

for heavy nuclei, the theoretical descriptions
based on either parton distributions or color
dipoles are both applicable and can be re-
lated to each other. This will provide us with
valuable flexibility for interpreting data in a
wide kinematic regime.

The following sections highlight the
physics opportunities in measuring PDFs,
TMDs and GPDs to map out the quark-
gluon structure of the proton at the EIC.
An essential feature throughout will be the
broad reach of the EIC in the kinematic
plane of the Bjorken variable x (see the Side-
bar on page 18) and the invariant momentum
transfer Q2 to the electron. While x deter-
mines the momentum fraction of the partons
probed, Q2 specifies the scale at which the
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Light-Front Wavefunctions:  rigorous representation of 
composite systems in quantum field theory

Causal, Frame-independent.  Creation Operators on Simple Vacuum, 
Current Matrix Elements are Overlaps of LFWFS

Invariant under boosts!  Independent of Pμ 

Eigenstate of LF Hamiltonian 
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Drell, sjb

-

Nonzero Proton Anomalous Moment -->
Nonzero orbital  quark angular momentum

Exact LF Formula for Pauli Form Factor

Lz=+1 Lz=0



-

graviton

Vanishing Anomalous gravitomagnetic moment  B(0)

B(0) = 0 Each Fock State

sum over constituents

Terayev, Okun: B(0) Must vanish because of 
Equivalence Theorem 

Dae Sung Hwang, Bo-Qiang Ma, Ivan Schmidt, sjb

LF Proof 



Advantages of the Dirac’s Front Form for Hadron Physics

• Measurements are made at fixed τ 

• Causality is automatic 

• Structure Functions are squares of LFWFs 
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Must include vacuum-induced currents to compute form factors and 
other current matrix elements in instant form

Boost are dynamical in instant form

acausal event! Instant Form
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Light-Front Wavefunctions
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Weak transition  
form factors

Diffractive DIS from FSI
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Coulomb  potential 

Semiclassical first approximation to QED 

Bohr Spectrum

Coupled Fock states

Effective two-particle equation

 Spherical Basis

Includes Lamb Shift, quantum corrections

QED atoms: positronium and 
muonium

Schrödinger Eq.
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Coupled Fock states

Effective two-particle equation

 Azimuthal  Basis

Confining AdS/QCD  potential! 

Semiclassical first approximation to QCD 

Light-Front QCD

AdS/QCD:

Sums an infinite # diagrams

Eliminate higher Fock states             
and retarded interactions

Single variable Equation!
-
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 Stan Brodsky
Supersymmetric Properties of Hadron Physics and 

Other Remarkable Features of Hadron PhysicsColloquium  
November 6, 2019

Fermilab is America's particle
physics and accelerator laboratory
We bring the world together to solve the mysteries of

matter, energy, space and time.

What we do

•Soft-wall dilaton profile breaks 
conformal invariance

•Color Confinement in z

•Introduces confinement scale κ

•Uses AdS5 as template for conformal 
theory

Dilaton-Modified AdS
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Light-Front Holography 

AdS/QCD
Soft-Wall  Model

Conformal Symmetry
of the action  

Confinement scale:   

Light-Front Schrödinger Equation Unique 
Confinement Potential!

de Tèramond, Dosch, sjb

• de Alfaro, Fubini,  Furlan: Mass Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

Single variable  ζ

GeV units external to QCD: Only Ratios of Masses Determined
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G. de Teramond, H. G. Dosch, sjb 

Pion: Negative term  for J=0 cancels positive 
terms from LFKE and potential

Massless pion! 



Uniqueness of Dilaton

pion is massless in chiral limit iff 
p=2!

p

• Dosch, de Tèramond, sjb
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De Tèramond, Dosch, sjb
from LF Higgs mechanism

Effective mass from m(p2) Roberts, et al.
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• Fundamental measure of valence wavefunction

• Gauge Invariant (includes Wilson line)

• Evolution Equations, OPE

• Conformal Expansion

• Hadronic Input in Factorization Theorems

Hadron Distribution Amplitudes 

Lepage, SJB
Efremov, Radyushkin

�(xi, Q) ⇥ �n�1
i=1

R Q d2⌦k⇤ ⇥n(xi,⌦k⇤i)
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where &„„- =1(0) when the constituents' helicities
are antiparallel (parallel). Our use of perturba-
tive QCD is again justified since only momenta of
order qi flow through the kernel. Combining this
equation with Eqs. (2.14), (2.13), and (2.10), we
obtain an evolution equation for (t)(x;, Q)
=- x,x, (t (x„q):

2-ax~x2Q —,y(x„q)

[dy]i(;, y, )j(y;, Q)~.(q')

where

—xix2((x;, Q)I', (2.)7a)

V(x„y,)=2 x,y, e(y, -x,) 5„„- +
y1 —Xq

+ (1—2)
(2.17b)

o.',(ki ) -lnln ~& (2.18a)

we can recast the evolution equation in a more
useful form

x~x, —y(x„q)+—(t (x„q)
J

1
= p' )t [dy]i'(xl, yl)4(y, Q) (2 18b)

0

Given (t)(x, Qo), this equation can be integrated
(numerically or otherwise} to obtain (t)(x„q) for
any Q )Qo . Alternatively, the general procedure
described in Appendix D can be applied to deter-

= V(y, , x,),
and n(t)(y;, Q) —= p(y;, Q) —(t (x„q). Notice that the
infrared divergence in Eq. (2.18) at x; =y, is
completely canceled by that in y~ [we have rescaled
x in Eq. (2.10) by x2 for the first and xq for the
second term in (2.1Vb)]. This is only true because
the color factor for the ladder kernel is identical
to that associated with the propagator corrections.
This in turn is a consequence of the color-singlet
nature of the meson.
High-order kernels entering in the wave equation

include all two-particle irreducible amplitudes for
qq-qq (Fig. 5). However, these corrections to
V(x„y;) are all suppressed by powers of &,(Q'),
because they are irreducible. This follows from
the same arguments used in the previous section
in analyzing corrections to T&.
By defining

+ ~ ~ ~

FIG. 5. Higher-order corrections to the yotential V
of the evolution equation (2.17).

mine the most general solution of (2.18):

y( x„q)= xg x, ~a„&„(xg- x} jn-T
~

3/2

where
+1

C~ 1 26a1i2T , ). (~ + ))(n + 2))

(2.19)

For pions, 6„g =1 and only even n contribute
since (t)(xq, x2, Q) =p(x2, xq, Q) is required (by & in-
variance). The coefficients a„can be determined
from Q(x;, Qo) by using the orthogonality relations
for the Gegenbauer polynominals, C„':

qo l) ~ 2(2n+ 3)
an ln A2 (

= 2+n 1+n
f 1

x d(x~-x2)C'„"(xg-x2)y(x„qo) .

y(x, , q) Ax',. asx,. -O (2.21)
for some & &0. In fact, this condition is auto-
matically satisfied by wave functions representing
truly composite states-i. e. , by solutions of the
homogeneous bound- state equation [Eq. (A5)]
which are regular at high energies. In theories
with an elementary field representing (or mixing
strongly with) the meson, the bound-state equa-
tion has a source term corresponding to the bare
coupling ~esp, and consequently the wave func-
tion tends to a constant (40) as x, -0.
Notice that as Q -~, the quark distribution

amplitude becomes particulax ly simple since only
the n=0 term survives (yo & y„ for all n& 0):

aP&1', A1+ h2 =0
q'&~~", I, +I,=+1.a,x,x, ln 7 ~

(2.22)
The coefficient ap is just the renormalized quark-
antiquark wave function evaluated at the origin in

(2.20)
The convergence of series (2.19) is assured by

the elementary properties of orthogonal polynom-
ial if (and only if) (t) satisfies the boundary condi-
tion

Lepage, SJB
Efremov, Radyushkin

ERBL Evolution of Meson Distribution Amplitude

limQ2→∞ ϕM(x, Q2) → Cx(1 − x)



J. R. Forshaw,  
R. Sandapen



Drell-Yan-West: Form Factors are 
Convolution of LFWFs

Identical to Polchinski-Strassler Convolution of AdS Amplitudes
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• Relativistic Quantum-Mechanical Wavefunction of the 
pion eigenstate

• Independent of the observer’s or pion’s motion

• No Lorentz contraction; causal

• Confined quark-antiquark bound state

The Pion’s  Valence Light-Front Wavefunction
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Universality of Generalized Parton Distributions in Light-Front Holographic QCD 

Guy F. de Te ́ramond, Tianbo Liu, Raza Sabbir Sufian, Hans Günter Dosch, Stanley J. Brodsky, and 

Alexandre Deur 
PHYSICAL REVIEW LETTERS 120, 182001 (2018) 





Remarkable Features of 
Light-Front Schrödinger Equation

•Relativistic, frame-independent

•QCD scale appears - unique LF potential

•Reproduces spectroscopy and dynamics of light-quark hadrons with 
one parameter

•Zero-mass pion for zero mass quarks!

•Regge slope same for n and L  -- not usual HO

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry

•Phenomenology: LFWFs, Form factors, electroproduction

•Extension to heavy quarks
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one parameter

•Zero-mass pion for zero mass quarks!

•Regge slope same for n and L  -- not usual HO

•Splitting in L persists to high mass   -- contradicts conventional 
wisdom based on breakdown of chiral symmetry

•Phenomenology: LFWFs, Form factors, electroproduction

•Extension to heavy quarks

Dynamics + Spectroscopy! 



A.P.  Trawinski, S.D. Glazek, H. D. Dosch, G. de Teramond, sjb

Connection to the Linear Instant-Form Potential
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QCD Lagrangian

Classical Chiral Lagrangian is Conformally Invariant  

Where does the QCD Mass Scale come from?  

• de Alfaro, Fubini, 

Furlan: 

Scale can appear in Hamiltonian and EQM 
without affecting conformal invariance of action!

Unique confinement potential!

QCD does not know what MeV units mean! 
Only Ratios of Masses Determined



Retains conformal invariance of action despite mass scale!

Identical to LF Hamiltonian with unique potential and dilaton!

• de Alfaro, Fubini, Furlan

• Dosch, de Teramond, sjb

New term

(dAFF)



dAFF: New Time Variable

• Identify with difference of LF time Δx+/P+ 

between constituents 

• Finite range  

• Measure in Double-Parton Processes

Retains conformal invariance of action despite mass 
scale!



LFHQCD: Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:
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Baryon Equation

Meson Equation

S=1/2, P=+

LF Holography
Superconformal  

Quantum Mechanics 

S=0, P=+

de Téramond, Dosch, Lorcé, sjb
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S=1/2, P=+

LF Holography

S=0, I=1 Meson is superpartner of S=1/2, I=1 Baryon

Superconformal  
Quantum Mechanics 

Same   !
S=0, P=+

de Téramond, Dosch, Lorcé, sjb



Nucleon spin carried by quark orbital angular momentum 

Jz = + 1/2:
1

2
[ |Sz

q = + 1/2,Lz = 0 > + |Sz
q = − 1/2,Lz = + 1 > ]

Baryon LFWFsLF Holography
Superconformal  

Quantum Mechanics 
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Quark Chiral 
Symmetry of 
Eigenstate!

Nucleon spin carried by quark orbital angular momentum 

Nucleon: Equal Probability for L=0,1

Jz = + 1/2:
1

2
[ |Sz

q = + 1/2,Lz = 0 > + |Sz
q = − 1/2,Lz = + 1 > ]

Baryon LFWFsLF Holography
Superconformal  

Quantum Mechanics 



S=1/2, P=+ S=1/2, P=+

S=3/2, P=-

S=1/2, P=- S=1/2, 3/2
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Meson-Baryon 
Mass Degeneracy 

for LM=LB+1

Same slope

Superconformal Quantum Mechanics Light-Front 
Holography

Universal slopes in n, L
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Meson-Baryon 
Mass Degeneracy 

for LM=LB+1

Same slope

Superconformal Quantum Mechanics Light-Front 
Holography

Universal slopes in n, L

de Téramond, Dosch, Lorcé, sjb
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Fit to the slope of Regge trajectories, 
including radial excitations

de Tèramond, Dosch, Lorce’, sjb

Universal Mass Scale

κ = 0.523 ± 0.024 GeV

Mesons Baryons



Fit to the slope of Regge trajectories, 
including radial excitations

Same Regge Slope for Meson, Baryons in n and L:  
Supersymmetric feature of hadron physics

de Tèramond, Dosch, Lorce’, sjb

Universal Mass Scale

κ = 0.523 ± 0.024 GeV

Mesons Baryons
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Light-Front Holography:  First Approximation to QCD
• Color Confinement, Analytic form of confinement potential 

• Retains underlying conformal properties of QCD despite mass scale  (DeAlfaro-Fubini-Furlan 
Principle) 

• Massless quark-antiquark pion bound state in chiral limit, GMOR 

• QCD coupling at all scales 

• Connection of perturbative and nonperturbative mass scales 

• Poincarè Invariant 

• Hadron Spectroscopy-Regge Trajectories with universal slopes in n, L 

• Supersymmetric 4-Plet:  Meson-Baryon -Tetraquark Symmetry 

• Light-Front Wavefunctions 

• Form Factors, Structure Functions, Hadronic Observables 

• OPE: Constituent Counting Rules 

• Hadronization at the Amplitude Level:  Many Phenomenological Tests 

• Systematically improvable:  Basis LF Quantization (BLFQ)



M. Nielsen, sjbNew Organization of the Hadron Spectrum
Meson Baryon        Tetraquark
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Spacelike Pauli Form Factor

Harmonic Oscillator 
Confinement 

Normalized to anomalous 
moment

G. de Teramond, sjb 



Universality of Generalized Parton Distributions in Light-Front Holographic QCD 

Guy F. de Te ́ramond, Tianbo Liu, Raza Sabbir Sufian, Hans Günter Dosch, Stanley J. Brodsky, and Alexandre Deur 

PHYSICAL REVIEW LETTERS 120, 182001 (2018) 



Tianbo Liu, ∗ Raza Sabbir Sufian, Guy F. de T éramond, 

Hans Gunter Dösch,  Alexandre Deur, sjb

Polarized distributions for the 

isovector combination x[∆u+ (x) − ∆d+ (x)]

u+(x) = u(x) + u(x)d+(x) = d(x) + d(x)

Δq(x) = q (x) − q (x)

Proton Structure Functions



Input: nonzero lattice axial form factor

R. S. Sufian, T.Liu, de Teramond, Dosch, Deur, Islam, Ma, sjb

Duality with  meson-nucleon fluctuations|KΛ >



Supersymmetry across the light and heavy-light spectrum
de Téramond, Dosch, Lorcé, sjb



Supersymmetry across the light and heavy-light spectrum

Heavy charm quark mass does not break supersymmetry

de Téramond, Dosch, Lorcé, sjb



Superpartners for states with one c quark

M. Nielsen, sjb  94
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predictions             beautiful agreement!M. Nielsen, sjb  94



Supersymmetry across the light and heavy-light spectrum

Heavy bottom quark mass does not break supersymmetry

de Téramond, Dosch, Lorcé, sjb
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Superconformal Algebra
2X2 Hadronic Multiplets

Meson Baryon

TetraquarkBaryon

Bosons, Fermions with Equal Mass!

Proton: |u[ud]> Quark + Scalar Diquark
Equal Weight: L=0, L=1



Underlying Principles

• Poincarè Invariance: Independent of the observer’s Lorentz 
frame:  Quantization at Fixed Light-Front Time τ 

• Causality: Information within causal horizon:  Light-Front 

• Light-Front Holography: AdS5 = LF (3+1) 

• Introduce Mass Scale κ while retaining the Conformal 
Invariance of the Action (dAFF) 

• Unique Dilaton in AdS5:   

• Unique color-confining LF Potential 

• Superconformal Algebra:  Mass Degenerate 4-Plet:
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Supersymmetry in QCD

• A hidden symmetry of Color SU(3)C in hadron 
physics

• QCD: No squarks or gluinos!

• Emerges from Light-Front Holography and 
Super-Conformal Algebra

• Color Confinement

• Massless Pion in Chiral Limit

de Téramond, Dosch, Lorcé, sjb



Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



Running Coupling from  Modified AdS/QCD
Deur,  de Teramond, sjb



•Can be used as standard QCD coupling

•Well measured

•Asymptotic freedom at large Q2

•Computable at large Q2 in any pQCD 
scheme

•Universal  β0,  β1

Bjorken sum rule defines effective charge



Deur,  de Teramond, sjb

Analytic, defined at all scales, IR Fixed Point

Sublimated gluons below 1 GeVAdS/QCD dilaton captures the higher twist corrections to  effective charges for Q < 1 GeV



Transition scale Q0

Perturbative QCD
(Asymptotic Freedom)

Nonperturbative QCD 
(Quark Confinement)

All-Scale QCD Coupling
Deur, de Tèramond, sjb

Fit to Bj + DHG Sum Rules:
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Analytic, defined at all scales, IR Fixed Point

Running Coupling from AdS/QCD



p p

Proton Self Energy 
Intrinsic Heavy Quarks

Collins, Ellis, Gunion, Mueller, sjb 
M. Polyakov, et al. 
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Properties of  Non-Perturbative Five-Quark 
Fock-State

• Dominant configuration: mininum off-
shell, same rapidity

• Heavy quarks have most of the LF 
momentum  

• Correlated with proton quantum 
numbers

• Duality with meson-baryon channels

• strangeness asymmetry at x > 0.1

• Maximally energy efficient

u
d

u

< xQ > ∝ m2
Q + k2

⊥
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Evidence for Intrinsic Charm

Measurement of Charm Structure Function! 

DGLAP / Photon-Gluon Fusion: factor of 30 too small

factor of 30 !

Two Components (separate evolution):

gluon splitting
(DGLAP)

 New Analysis:
R.D. Ball, et al. [NNPDF Collaboration],

  “A Determination of the Charm Content 
of the Proton,''

  arXiv:1605.06515 [hep-ph].

EMC
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X

Spectator counting rules 

Coalesece of comovers produces high xF heavy hadrons

LFWF maximum at equal rapidity

maximum at minimal invariant mass  

High xF hadrons combine most of the comovers, fewest spectators

—> Asymmetries of leading hadrons 

Vogt, sjb



Barger, Halzen, Keung

Intrinsic c 
(active and 
spectator)

DGLAP (fusion)

Δy = log x

2 1 0.5 0.25 00.1

PRD 25 (1981)



Intrinsic Heavy Quark Contribution  to Inclusive Higgs 
Production

Goldhaber, Kopeliovich, Schmidt, sjb
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 Violation of factorization in charm hadroproduction. 
P. Hoyer, M. Vanttinen (Helsinki U.) ,  U. Sukhatme (Illinois U., Chicago) . HU-TFT-90-14, May 1990. 7pp.  

 Published in Phys.Lett.B246:217-220,1990
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IC Explains large excess of quarkonia at large xF,  A-dependence



Clear dependence
 on xF and 

beam energy

800 GeV

158 GeV

α

Dramatic change in nuclear dependence 





Excess beyond  conventional PQCD subprocesses
J. Badier et al, NA3



NA3 Data

R. Vogt, sjb 



NA3 Data

R. Vogt, sjb 



NA3 Data

Excludes `color drag’ model

R. Vogt, sjb 
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• IC Explains Anomalous �(xF ) not �(x2)
dependence of pA⇥ J/⌅X

(Mueller, Gunion, Tang, SJB)

• Color Octet IC Explains A2/3 behavior at
high xF (NA3, Fermilab)
(Kopeliovitch, Schmidt, So�er, SJB)

• IC Explains J/⌅ ⇥ ⇤⇥ puzzle
(Karliner, SJB)

• IC leads to new e�ects in B decay
(Gardner, SJB)

Color Opaqueness



AnDY at RHIC: Observe single and double ⌥ production at high rapidity



tering (DPS). This is estimated by analyzing pairs of p+p
PYTHIA/GEANT events having vertex-z within ±0.5 cm. As
for mixed events, the jets of such double events are uncorre-
lated. Unlike true DPS, UE contributions are larger by includ-
ing two p+p events. Double p+p events, or uncorrelated DPS,
can explain the bulk of the Cu+Au dijet data taking

√
s = 1100

GeV for the p+p collision energy. HIJING studies of the pz

distributions of identified particles require a distribution of p+p
equivalent

√
s for pz > 100 GeV/c. It is not unexpected that√

s in Fig. 5 is larger than in Fig. 3 since the dijet energies are
larger than the jet energies.

Cu+Au→dijets, √sNN=200 GeV
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Figure 6: Azimuthal angle correlations between the dijet and particle multiplic-
ity measured ∼7 units of pseudorapidity away.

Evidence for dynamical correlations of jet pairs appears as
the dijet energy increases. Long-range rapidity correlations,
possibly analogous to those seen at the LHC [21], become ap-
parent at large dijet energy, as seen in Fig. 6. These correlations
have been explained in a string fusion [22] or flux tube pic-
ture [23]. The dijet has a transverse momentum (kT ) directed
at φdi jet. The particle multiplicity observed in the annular tiles
of the BBC facing the Au beam has a charge-weighted average
orientation φBBC−Y . The angle difference ∆φ = φdi jet − φBBC−Y

is shown in Fig. 6. As the dijet energy increases, peaks near
∆φ = 0 and ∆φ = π become evident. The latter peak can be
from momentum conservation, but the former peak is not ex-
pected except at small ∆η. The pseudorapidity separation of the
dijet from the measured particle multiplicity is ∆η ∼ 7. An ad-
ditional condition limiting the number of good jets in the event
to < 4 is imposed so as to reduce combinatoric backgrounds.

To investigate these correlations further we look at dijet
mass at large dijet energies in Fig. 7. As in Fig. 5, there are
energy-dependent mass peaks in mixed events. The difference
is formed between the data and mixed-jet events, and is shown
in the right column of Fig. 7. This difference can be fit with a
Gaussian distribution with small remnant background contribu-
tions. Peaks are apparent at M = 17.83 ± 0.20 GeV/c2 in the
250 < E < 260 GeV dijet energy bin and at M = 18.47 ± 0.22
GeV/c2 in the 260 < E < 270 GeV dijet energy bin. The sta-
tistical significance of the peaks are 9.0 standard deviations in
the dijet energy bin 250 < E < 260 GeV and 8.4 standard de-

viations in the dijet energy bin 260 < E < 270 GeV. Dijet mass
background can be described by mixed jet events, by random
jet pairs, and by HIJING/GEANT, with decreasing importance
as the dijet energy increases. All of these methods yield es-
sentially the same results, with the peak centroids varying little
from the means in Fig. 7. The dijet peak is evident down to
dijet energies of ∼240 GeV. At lower dijet energies the mass
distribution is predominantly explained by event mixing until
near the χb region, where contributions from heavy hadrons are
evident. Dijet energies higher than 270 GeV are increasingly af-
fected by ADC saturation. Given that there is little yield above
M ∼ 12 GeV/c2 except for the observed peak, local and global
statistical significance are the same. Combining statistical un-
certainties for the two bins results in M = 18.12± 0.15 GeV/c2.

Cu+Au→dijets+X, √sNN=200 GeV, Ejet>60 GeV
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Figure 7: Dijet mass compared to a mixed-event analysis in the left column.
The right column forms the difference between data and mixed events, and com-
pares that difference to a simulation of the production of a resonance that decays
to jet pairs. All Cu+Au distributions have vertical axes scaled as 107/NMB .

Systematic studies of dijet mass were conducted. The mass
peak is present for inclusive pairing of all good jets in the ac-
ceptance, including events where the energy sum in the perime-
ter of cells closest to the beam, EP1, exceeds 350 GeV. Events
with EP1 > 350 GeV are excluded in Fig. 7 as in Fig. 5. This
near-beam energy sum is not strongly correlated with particle
multiplicity in the BBC. Also imposed in Fig. 7 is a require-
ment that the jet patterns do not have saturated ADC values.
The mass peak is present with or without this requirement. An-
other event selection that reduces combinatoric backgrounds is
to limit analysis to events that have the number of good jets
less than 4. Systematic studies included variation of the por-
tion of the vertex-z distribution chosen for the analysis, with
the nominal selection |zv| < 75 cm varied to |zv + 30| < 75 cm.
A systematic uncertainty of ±0.13 GeV/c2 is estimated from
the root-mean square of values from varying the event selection

5

AnDY at RHIC: Observe bbb̄b̄ production at high rapidity
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• Rigorous prediction of QCD, OPE

• Color-Octet Color-Octet Fock State! 

• Probability

• Large Effect at high x

• Greatly increases kinematics of colliders  such as Higgs production 
at high xF (Kopeliovich, Schmidt, Soffer, Goldhaber, sjb)

• Severely underestimated in conventional parameterizations of 
heavy quark distributions (Pumplin, Tung)

• Many empirical tests  (Gardener, Karliner, ..)

Hoyer, Peterson, Sakai, sjb

Intrinsic Heavy-Quark Fock States
M. Polyakov, et. al



Goldhaber, Kopeliovich, Schmidt, Soffer sjb

Intrinsic Charm Mechanism for Inclusive 
High-XF Higgs Production

H

Higgs can have > 80% of Proton Momentum!

Also: intrinsic strangeness, bottom, top

p

p

g

New production mechanism for Higgs at the LHC



Very Forward Hadron Spectrometer Michael Albrow

Figure 2: For pp collisions at
p

s = 13 TeV, regions of low transverse momentum pT and all Feynman-x, xF ,
showing lines of constant pseudorapidity h . Protons with xF > 0.9 are measured in Roman pots, and neutral
particles in calorimeters around 0�. Identified charged hadrons have not been measured except at h < 4 at
LHCb, so most of this phase space is Terra Incognita.

mrad. It passes down the vacuum pipe, through quadrupole fields and then the (MBX) “beam sep-
aration dipoles", spectrometer magnets with an integral field of B.dL = 30 Tesla-meters. Charged
hadrons are bent out of the beam. Behind these dipoles is a field-free region from about 80 to
140 m, where the TAN absorber, which protects the superconducting LHC magnets, is located. At
Point 5 (where CMS is located) this is a simple cylindrical pipe, which transitions to two separate
pipes for the incoming and outgoing beams at 140 m. (Zero-degree calorimeters for neutral particle
measurement are located between these pipes.) This pipe can be redesigned to allow the deflected
hadrons to emerge from the vacuum through little material. The pipe for the outgoing protons may
start at a z-position about 12-15m in front of the TAN, making that much space available for the
detectors. The pipe cross section should be as small as allowable by the machine operations to
maximize the acceptance, with positive hadrons emerging on one side and negative on the other.

I present the concept with approximate numbers, to show that such a spectrometer is feasible.
Cross sections are relatively high and running with modest luminosity (pile-up of a few interactions
per bunch crossing) is preferred. The size of the detectors is small, only tens of cm2 per layer.
Immediately outside the vacuum chamber window, precision tracking with silicon strips or pixels
measures the straight tracks, to a precision in x,y,qx,qy of about 10 µm and a few µr. With the
assumption that the track originated in a beam-beam collision, the particle’s charge is known and
its momentum with a resolution of about 2%. Non-primary tracks coming from interactions in

3

Mike Albrow:  Forward Hadron Spectrometer



Extrapolations from  NuTeV

SLAC/NMC data

Scheinbein, Yu, Keppel, Morfin, Olness, Owens

No anti-shadowing in deep inelastic neutrino scattering !

Non-Universal -- Quark Specific?



Diffraction via Pomeron gives destructive interference!

Shadowing



Diffraction via Pomeron gives destructive interference!

Shadowing







Non-singlet 
Reggeon 
Exchange

x0.5

Kuti-Weisskopf 
behavior
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exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.
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1/MxB = 2�/Q2 � LA.

If the scattering on nucleon N1 is via pomeron
exchange, the one-step and two-step ampli-
tudes are opposite in phase, thus diminishing
the q flux reaching N2.

� Shadowing of the DIS nuclear structure
functions.

Regge

        constructive in phase
thus increasing the flux reaching N2

 Reggeon DDIS produces nuclear flavor-dependent anti-shadowing

Anti-shadowing
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Reggeon 
Exchange

Critical test: Tagged Drell-Yan



Shadowing and Antishadowing in Lepton-Nucleus Scattering

• Shadowing: Destructive Interference
of Two-Step and One-Step Processes
Pomeron Exchange

• Antishadowing: Constructive Interference
of Two-Step and One-Step Processes!
Reggeon and Odderon Exchange

• Antishadowing is Not Universal!
Electromagnetic and weak currents:
di�erent nuclear e�ects !
Potentially significant for NuTeV Anomaly}

Jian-Jun Yang 
Ivan Schmidt
Hung Jung Lu

sjb





Nuclear Antishadowing not universal !

Schmidt, Yang; sjb

Modifies 
NuTeV extraction of 

Test in flavor-tagged  
DIS at the EIC 



A A-1

One-Step / Two-Step Interference
Front-Face Nucleon N1 not struckFront-Face Nucleon N1 struck

Illustrates the
LF time sequence

Cannot reduce to matrix element 
of local operator!  No Sum Rules!

N1
N2 N2

N1

A

Liuti, Schmidt sjb



• Unlike shadowing, anti-shadowing from Reggeon exchange is flavor specific;

• Each quark and anti-quark will have distinctly different constructive interference patterns. 

• The flavor dependence of antishadowing explains why anti- shadowing is different for 

electron (neutral electro- magnetic current) vs. neutrino (charged weak current) DIS 

reactions.

• Test of the explanation of antishadowing: Bjorken-scaling leading-twist charge 

exchange DDIS reaction γ∗p→nX+ with a rapidity gap due to I=1 Reggeon exchange.

The usual “handbag” diagram where the two Jμ(x) and Jν (0) currents acting on an uninterrupted 

quark propagator are replaced by a local operator T μν (0) as Q2 → ∞, is inapplicable in deeply 

virtual Compton scattering from a nucleus since the currents act on different nucleons. 

The finite path length due to the on-shell propagation of V0 between N1 and N2 contributes 

a finite distance (∆z)2 between the two virtual photons in the DVCS  amplitude. 

OPE and Sum Rules invalid for nuclear pdfs

S. Liuti, I. Schmidt, sjb
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• Anti-Shadowing is Universal 

• ISI and FSI are higher twist effects and universal 

• High transverse momentum hadrons arise only 
from jet fragmentation  -- baryon anomaly! 

• Heavy quarks only from gluon splitting 

• Renormalization scale cannot be fixed 

• QCD condensates are vacuum effects 

• QCD gives 1042 to the cosmological constant 

• Colliding Pancakes

QCD Myths
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Invariance Principles of Quantum Field Theory

• Polncarè Invariance:  Physical predictions must be 
independent of the observer’s Lorentz frame:  Front Form 

• Causality: Information within causal horizon:  Front Form 

• Gauge Invariance: Physical predictions of gauge theories 
must be independent of the choice of gauge 

• Scheme-Independence: Physical predictions of 
renormalizable theories must be independent of the 
choice of the renormalization scheme —               
Principle of Maximum Conformality (BLM-PMC) 

• Mass-Scale Invariance:                                     
Conformal Invariance of the Action (DAFF) 
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