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Feed-forward Neural Networks

x1 x2 x3 x4

ŷ
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Common choice of nonlinearity:

�ReLU(z) = max(0, x)
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Activation Functions

ReLU
(Rectified Linear Unit)

- Computes f(x) = max(0,x)

- Does not saturate (in +region)
- Very computationally efficient
- Converges much faster than 

sigmoid/tanh in practice (e.g. 6x)
- Actually more biologically plausible 

than sigmoid

- Not zero-centered output
- An annoyance:

hint: what is the gradient when x < 0?
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Convolutional Neural Networks
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Convolutional Neural Networks

�`(f`�1) = (f`�1 ⇤ g`)(x) =
X

y2Z2

f`�1(x� y) g`(y)
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Convolutional Neural Networks

[LeCun et al, 1989;  Krizhevsky, Sutskever & Hinton, 2012]
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Current capability:

cat
  source: NVIDIA
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Equivariance to translations

f 0
`(T (x)) = f`(x)



Steerability
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Under review as a conference paper at ICLR 2017

2.4 INDUCTION

We have shown how to parameterize filter banks that intertwine ⇡l and ⇢l+1, making the output
fibers F l+1

x H-steerable by ⇢l+1 if the input space Fl is H-steerable by ⇡l. In this section we show
how H-steerability of fibers F l+1

x translates into G-steerability of the whole feature space Fl+1.
This happens through a natural and important construction known as the induced representation
(Mackey, 1952; 1953; 1968; Serre, 1977; Taylor, 1986; Folland, 1995; Kaniuth & Taylor, 2013).

As stated, the correlation  ? f is computed by translating f before applying  :

[ ? f ] (x) =  [⇡l(x)f ] . (4)

Where x 2 Z2 is interpreted as a translation when given as input to ⇡l.

We can now calculate the transformation law of the output space, Fl+1. To do so, we apply a
translation t and transformation r 2 H to f 2 Fl, yielding ⇡l(tr)f , and then perform the correlation
with  . With a bit of algebra we find:

[ ? [⇡l(tr)f ]] (x) = ⇢l+1(r)
⇥
[ ? f ] ((tr)�1x)

⇤
(5)

We now define
[⇡l+1(tr)f ] (x) = ⇢l+1(r)

⇥
f((tr)�1x)

⇤
(6)

so that ?⇡l(g)f = ⇡l+1 ?f (see Fig. 4). This representation ⇡l+1 is known as the representation
of G induced by the representation ⇢l+1 of H , and is denoted ⇡l+1 = IndGH ⇢l+1.

Figure 4: The representation ⇡1 in-
duced from the permutation repre-
sentation ⇢1 shown in fig. 3. A sin-
gle fiber is highlighted. It is trans-
ported to a new location, and acted
on by ⇢1.

When parsing eq. 6, it is important to keep in mind that (as
shown by the square brackets) ⇡l+1(tr) acts on f 2 Fl+1

while ⇢l+1(r) acts on individual fibers returned by f .

If we compare the induced representation (eq. 6) to the rep-
resentation ⇡0 defined in eq. 1, we see that the difference lies
only in the presence of a factor ⇢(r) applied to the fibers re-
turned by f . This factor describes how the feature channels
are mixed by the transformation. The color channels in the
input space do not get mixed by geometrical transformations,
so we say that ⇡0 is induced from the trivial representation
⇢0(h) = I .

Now that we have achieved G-steerability of Fl+1, we can it-
erate the procedure by computing a basis for the space of in-
tertwiners between ⇡l+1 (restricted to H) and some ⇢l+2 of
our choosing. In practice, we will want to insert a layer of
equivariant nonlinearities in between two convolution layers,
as described in Section 2.6.

2.5 FEATURE TYPES AND CHARACTER THEORY

By now, the reader may be wondering how to choose ⇢, or
indeed what the space of representations that we can choose

from looks like in the first place. We will answer these questions in this section by showing that each
representation has a type (encoded as a short list of integers) that corresponds to a certain symmetry
or invariance of the feature. We further show how the number of parameters of an equivariant filter
bank depends on the types of the representations ⇡l and ⇢l+1 that it intertwines. Our discussion will
make use of a number of important elementary results from group representation theory which are
stated but not proved. The reader wishing to go deeper may consult chapters 1 and 2 of the excellent
book by Serre (1977).

Recall that a group representation is a set of invertible linear maps ⇢(g) : RK ! RK satisfying
⇢(gh) = ⇢(g)⇢(h) for all elements g, h 2 H . It can be shown that any representation is a direct sum
(i.e. block_diag plus change of basis) of a number of “elementary” representations associated
with G. These building blocks are called irreducible representations (or irreps), because they can
themselves not be block-diagonalized. In other words, if 'i are the irreducible representations of
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[Cohen & Welling, 2016]



What is the analog of convolutions on 
graphs?
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1. Multiscale structure

2. Covariance to the action of the symmetry group 
(permutations or rotations)



1. Theory
K. & Trivedi, ICML 2018
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How do we generalize convolution to the 
action of general (compact) groups?

f 0
`(T (x)) = f`(x)
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Group actions

1. Our function lives on a space X
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f : X ! C
<latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit><latexit sha1_base64="VBM3gt3P3Ze9JagHcdb9Oaqpcno=">AAACIHicbZDNTsJAFIWn/iL+VVy6aSQmrqA1JroksnGJiQUS2pDpMIUJ02kzc2sgDa/iwo0+ijvjUl/ErVPoQsCTTHJy7r1zb74g4UyBbX8ZG5tb2zu7pb3y/sHh0bF5UmmrOJWEuiTmsewGWFHOBHWBAafdRFIcBZx2gnEzr3eeqFQsFo8wTagf4aFgISMYdNQ3K6GXfyK8LsHcg9hrNvtm1a7Zc1nrxilMFRVq9c0fbxCTNKICCMdK9Rw7AT/DEhjhdFb2UkUTTMZ4SHvaChxR5Wfz22fWhU4GVhhL/QRY8/TvRIYjpaZRoDsjDCO1WsvD/2q9FMJbP2MiSYEKslgUptyC2MpBWAMmKQE+1QYTyfStFhlhiQloXEtb6q7SUV0yxeocA53UZY58VtaknFUu66Z9VXPsmvNwXW3cFcxK6Aydo0vkoBvUQPeohVxE0AQ9o1f0ZrwY78aH8blo3TCKmVO0JOP7FwGbo0Y=</latexit>

X
<latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit><latexit sha1_base64="7Nf0yNqcqZDFs/1NtjKSA5y/FTw=">AAACEXicbVBNS8NAEN3Ur1q/qh69LBbBU5OIoMeiF48VTFtoQ5lsN+3SzSbsbsQS+hs8eNGf4k28+gv8JV7dtDnY1gcDj/dmmJkXJJwp7TjfVmltfWNzq7xd2dnd2z+oHh61VJxKQj0S81h2AlCUM0E9zTSnnURSiAJO28H4Nvfbj1QqFosHPUmoH8FQsJAR0Ebyeh0CvF+tOXVnBrxK3ILUUIFmv/rTG8QkjajQhINSXddJtJ+B1IxwOq30UkUTIGMY0q6hAiKq/Gx27BSfGWWAw1iaEhrP1L8TGURKTaLAdEagR2rZy8X/vG6qw2s/YyJJNRVkvihMOdYxzj/HAyYp0XxiCBDJzK2YjEAC0SafhS22p4xkS6aYzUHTJ1vmGU8rJil3OZdV0rqou07dvb+sNW6KzMroBJ2ic+SiK9RAd6iJPEQQQ8/oFb1ZL9a79WF9zltLVjFzjBZgff0CHzedlQ==</latexit>

2. We have a group      acting on G
<latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit><latexit sha1_base64="PJYrfuGh7h3c2QP6CrSoJRN0BMc=">AAACDXicbVBNT8JAEN3iF+IX6tHLRmLiCVpjokeiBz1CYoEEGrJdprBhu212t0bS8As8eNGf4s149Tf4S7y6hR4EfMkkL+/NZGaeH3OmtG1/W4W19Y3NreJ2aWd3b/+gfHjUUlEiKbg04pHs+EQBZwJczTSHTiyBhD6Htj++zfz2I0jFIvGgJzF4IRkKFjBKtJGad/1yxa7aM+BV4uSkgnI0+uWf3iCiSQhCU06U6jp2rL2USM0oh2mplyiICR2TIXQNFSQE5aWzQ6f4zCgDHETSlNB4pv6dSEmo1CT0TWdI9Egte5n4n9dNdHDtpUzEiQZB54uChGMd4exrPGASqOYTQwiVzNyK6YhIQrXJZmFLzVVGqkmmWI0TDU81meU7LZmknOVcVknrourYVad5Wanf5JkV0Qk6RefIQVeoju5RA7mIIkDP6BW9WS/Wu/Vhfc5bC1Y+c4wWYH39AtmHm9A=</latexit>

x 7! Tg(x)
<latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit><latexit sha1_base64="QpIGBc2zkpz7jRWktBUdmfNqeUc=">AAACHXicbZDNSsNAFIUn9a/Wn0ZduhksQt00iQi6LLpxWaFpC20Ik+mkHTqThJmJtIQ+iQs3+ijuxK34JG6dtFlo64GBw7n3cu98QcKoVLb9ZZQ2Nre2d8q7lb39g8OqeXTckXEqMHFxzGLRC5AkjEbEVVQx0ksEQTxgpBtM7vJ695EISeOorWYJ8TgaRTSkGCkd+WZ1OuAokSqGbX9Un174Zs1u2AvBdeMUpgYKtXzzezCMccpJpDBDUvYdO1FehoSimJF5ZZBKkiA8QSPS1zZCnEgvWxw+h+c6GcIwFvpFCi7S3xMZ4lLOeKA7OVJjuVrLw/9q/VSFN15GoyRVJMLLRWHKoP5nTgEOqSBYsZk2CAuqb4V4jATCSrP6s8VypY4sQSW1GFJkaomc97yiSTmrXNZN57Lh2A3n4arWvC2YlcEpOAN14IBr0AT3oAVcgEEKnsALeDWejTfj3fhYtpaMYuYE/JHx+QMP16Gx</latexit>

3. This induces an action on functions 

f

Tg7�! f

0
f

0(x) = f(T�1
g (x))

<latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit><latexit sha1_base64="XaxHfiHZnqHFwYGm8t3yj17yLm4="></latexit>

Tg
<latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit><latexit sha1_base64="cTOOS7Ad6uVl60dLlsZWVkqUdNY=">AAACD3icdVDLSsNAFJ34rPVVdelmsAiumkQEXRbduKzYtIU2lMl0kg6dTMLMjVhKP8GFG/0Ud+LWT/BL3DppK7Q+Dlw4nHMv994TpIJrcJwPa2l5ZXVtvbBR3Nza3tkt7e03dJIpyjyaiES1AqKZ4JJ5wEGwVqoYiQPBmsHgKvebd0xpnsg6DFPmxySSPOSUgJFu692oWyq7FWcC7Pwi31YZzVDrlj47vYRmMZNABdG67Top+COigFPBxsVOpllK6IBErG2oJDHT/mhy6hgfG6WHw0SZkoAn6vzEiMRaD+PAdMYE+vqnl4t/ee0Mwgt/xGWaAZN0uijMBIYE53/jHleMghgaQqji5lZM+0QRCiadhS22p41kK665LQiwe1vlCY+L80n9TxqnFdepuDdn5erlLLMCOkRH6AS56BxV0TWqIQ9RFKEH9ISerUfrxXq13qatS9Zs5gAtwHr/AoSwnLg=</latexit>

x

<latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit><latexit sha1_base64="utiPSl6lBFs5ueNXCI2OTHzISVg=">AAACDXicbVBNS8NAEN34WetX1aOXxSJ4ahIR9Fj04rEF0xbaUDbbSbt0swm7G2kJ/QUevOhP8SZe/Q3+Eq9u2iK29cHA470ZZuYFCWdKO86Xtba+sbm1Xdgp7u7tHxyWjo4bKk4lBY/GPJatgCjgTICnmebQSiSQKODQDIZ3ud98BKlYLB70OAE/In3BQkaJNlJ91C2VnYozBf4l7jIpozlq3dJ3pxfTNAKhKSdKtV0n0X5GpGaUw6TYSRUkhA5JH9qGChKB8rPpoRN8bpQeDmNpSmg8Vf9OZCRSahwFpjMieqCWvVz8z2unOrzxMyaSVIOgs0VhyrGOcf417jEJVPOxIYRKZm7FdEAkodpks7DF9pSRbMkUsznRMLJlnu+kaJJayWWVNC4rrlNx61fl6u08swI6RWfoArnoGlXRPaohD1EE6Am9oFfr2Xqz3q2PWeuaNZ85QQuwPn8ALIKcAg==</latexit>



Equivariance

X0
<latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit><latexit sha1_base64="6yKlSm3QTFzbcSNR6zml8wOXmD0=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7Xr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5D8oPo=</latexit>

X1
<latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit>

X2
<latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit>

T (0)
g : X0 ! X0

<latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit><latexit sha1_base64="3iZqgX69XJ8lZOWj1MbL9UeZUNs="></latexit>

T (1)
g : X1 ! X1

<latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit>

T (2)
g : X2 ! X2

<latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit>



Equivariance

1. We have to different spaces      and       on which      acts byG
<latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit><latexit sha1_base64="l1HXm+LXMV09/GePiImxwWvZXO8=">AAACFHicbVDLTgJBEJz1ifhCPXrZSEw8sbvGRI9EDnqExAUSIGR2aGDCPDYzs0ZC+AKv6td4M169+zPGWdiDgJV0UqnqTndXFDOqje9/O2vrG5tb27md/O7e/sFh4ei4rmWiCIREMqmaEdbAqIDQUMOgGSvAPGLQiEaV1G88gtJUigczjqHD8UDQPiXYWKl21y0U/ZI/g7tKgowUUYZqt/DT7kmScBCGMKx1K/Bj05lgZShhMM23Ew0xJiM8gJalAnPQncns0Kl7bpWe25fKljDuTP07McFc6zGPbCfHZqiXvVT8z2slpn/TmVARJwYEmS/qJ8w10k2/dntUATFsbAkmitpbXTLEChNjs1nY4oXaSp6imnoVybkUHsMGnjyVxjzN28CC5XhWSf2yFPiloHZVLN9m0eXQKTpDFyhA16iM7lEVhYggQM/oBb06b8678+F8zlvXnGzmBC3A+foFADyekg==</latexit>

X1
<latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit><latexit sha1_base64="ikvWgunrkENzHGiwD+tcxXSTIiQ=">AAACGnicbVDLSsNAFJ34rPVVdelmsAiumkQEXRa7cVnBtIU2lMl00g6dR5iZiCX0I9yqX+NO3LrxZ8RJm4VtPXDhcM693HtPlDCqjed9O2vrG5tb26Wd8u7e/sFh5ei4pWWqMAmwZFJ1IqQJo4IEhhpGOokiiEeMtKNxI/fbj0RpKsWDmSQk5GgoaEwxMlZq9zoYsb7fr1S9mjcDXCV+QaqgQLNf+ekNJE45EQYzpHXX9xITZkgZihmZlnupJgnCYzQkXUsF4kSH2ezcKTy3ygDGUtkSBs7UvxMZ4lpPeGQ7OTIjvezl4n9eNzXxTZhRkaSGCDxfFKcMGgnz3+GAKoINm1iCsKL2VohHSCFsbEILW9xAW8lVVFO3ITmXwmXIkCdX5WFPyzYwfzmeVdK6rPlezb+/qtZvi+hK4BScgQvgg2tQB3egCQKAwRg8gxfw6rw5786H8zlvXXOKmROwAOfrF5KsoPs=</latexit>

X2
<latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit><latexit sha1_base64="9pyaMe94TmPQbzyxH52a6iuJmNM=">AAACGnicbVDLTsJAFJ3iC/GFunQzkZi4oi0x0SWRjUtMLJBAQ6bDFCbMo5mZGknDR7hVv8adcevGnzEO0IWAJ7nJyTn35t57ooRRbTzv2ylsbG5t7xR3S3v7B4dH5eOTlpapwiTAkknViZAmjAoSGGoY6SSKIB4x0o7GjZnffiRKUykezCQhIUdDQWOKkbFSu9fBiPVr/XLFq3pzwHXi56QCcjT75Z/eQOKUE2EwQ1p3fS8xYYaUoZiRaamXapIgPEZD0rVUIE50mM3PncILqwxgLJUtYeBc/TuRIa71hEe2kyMz0qveTPzP66YmvgkzKpLUEIEXi+KUQSPh7Hc4oIpgwyaWIKyovRXiEVIIG5vQ0hY30FZyFdXUbUjOpXAZMuTJVbOwpyUbmL8azzpp1aq+V/Xvryr12zy6IjgD5+AS+OAa1MEdaIIAYDAGz+AFvDpvzrvz4XwuWgtOPnMKluB8/QKUXKD8</latexit>

T (1)
g : X1 ! X1

<latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit><latexit sha1_base64="jIWbZJXYNNa8EwK11o+oZ+yh4MQ="></latexit>

T (2)
g : X2 ! X2

<latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit><latexit sha1_base64="D5ixeAiQzsCtg3hRRSD8CUHPdxQ="></latexit>

2. We have corresponding actions on functions

f 7! T(1)
g (f)

<latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit><latexit sha1_base64="Z9oMl7dFq5AYcu2pnsIdaHBpkc8="></latexit>

f 7! T(2)
g (f)

<latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit><latexit sha1_base64="4gb38zCpPy+CpxwuitsSKyw7O/E="></latexit>

T(1)
g (f)(x) = f((T (1)

g )�1(x))
<latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit><latexit sha1_base64="1qERVCSAzn+En9mpWGr63xULyBQ="></latexit>

T(2)
g (f)(x) = f((T (2)

g )�1(x))
<latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit><latexit sha1_base64="JS+o6rKIrQOe2xbixsPMfNTv0Vc="></latexit>

3. A map                                 is equivariant to these actions if� : L(X1) ! L(X2)
<latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit><latexit sha1_base64="oe/4NZ6147GjbqKa6mN+L7/CYcg="></latexit>

�(T(1)
g (f)) = T(2)

g (�(f))
<latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit><latexit sha1_base64="bYAGmodISmm3MBWMQPEheJJtpAA="></latexit>

for all                .f 2L(X1)
<latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit><latexit sha1_base64="JhIKERCgiHaWjPOp9gM5cR/Jlbo=">AAACJXicbZDLSgNBEEV7fMb4GnXppjEIusnMiKBL0Y0LFxFMDGSG0NPp0cZ+DN01wRDyJ27Vr3Engiv/ROw8FiZ6oeByq4oqTpoLbiEMP725+YXFpeXSSnl1bX1j09/ablhdGMrqVAttmimxTHDF6sBBsGZuGJGpYLfpw8Wwf9tlxnKtbqCXs0SSO8UzTgm4qO37WQxc4auDuEmJaEeHbb8SVsOR8F8TTUwFTVRr+99xR9NCMgVUEGtbUZhD0icGOBVsUI4Ly3JCH8gdazmriGQ26Y8+H+B9l3Rwpo0rBXiU/t7oE2ltT6ZuUhK4t7O9Yfhfr1VAdpr0ucoLYIqOD2WFwKDxEAPucMMoiJ4zhBrufsX0nhhCwcGauhLUrYsCwy0PLrSUWgWCAHsMzJD7oOyARbN4/prGUTUKq9H1ceXsfIKuhHbRHjpAETpBZ+gS1VAdUdRFT+gZvXiv3pv37n2MR+e8yc4OmpL39QM1jaRQ</latexit>



L(X1)
T(1)
g
//

�

✏✏

L(X1)

�

✏✏

L(X2)
T(2)
g
// L(X2)

<latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit><latexit sha1_base64="7ksSmOcHZQTIw1k/D7rmOq517Vk="></latexit>



(f ⇤ g)(u) =
Z

G
f(uv�1) g(v) dµ(v)

<latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit><latexit sha1_base64="G66v+5hKi5IJPM6FU8F+rFBQsts="></latexit>

(f ⇤ g)(u) =
Z

G
f"G(uv�1) g"G(v) dµ(v)

<latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit><latexit sha1_base64="zkQv3DfVbJkpr/OmaJKJBc+ocGE="></latexit>



b
f(k) =

Z
f(x) e�ikx

dx

<latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit><latexit sha1_base64="zMugKFnc7eBPSgRcxUaSEHCzIvI="></latexit>

\(f ⇤�)(k) = bf(k) · b�(k)
<latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit><latexit sha1_base64="v4rZsHu3A2x4hikBhOKQJ/TNyfY="></latexit>

b
f(⇢) =

Z
f(x) ⇢(x) dµ(x)

<latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit><latexit sha1_base64="jZP9XaIOTHhBIlme0OqQibJMvxQ="></latexit>

\(f ⇤�)(⇢) = bf(⇢) · b�(⇢)
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Main theorem

A feed-forward neural network is equivariant to the action of a  
compact group      if and only if the linear operation in each 
layer is of the form
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Consequences



bf(⇢i) =
Z

G
f(u) ⇢i(u) dµ(u) i = 0, 1, 2, . . .
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).
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transform of a function f : G/H → C. Then [f̂(ρ)]∗,j = 0
unless the block at column j in the decomposition of ρ|H
is the trivial representation. Similarly, if f : H\G → C,
then [f̂(ρ)]i,∗ = 0 unless the block of ρ|H at row i is the
trivial representation. Finally, if f : H\G/K → C, then
[f̂(ρ)]i,j = 0 unless the block of ρ|H at row i is the triv-
ial representation of H and the block at column j in the
decomposition of ρ|K is the trivial representation of K.

Schematically, this proposition implies that in the three dif-
ferent cases, the Fourier matrices have three different forms
of sparsity:

G/K H\G H\G/K

Fortuitously, just like in the classical, Euclidean case, con-
volution also takes on a very nice form in the Fourier do-
main, even when f or g (or both) are defined on homoge-
neous spaces.

Proposition 2 (Convolution theorem on groups). Let G be
a compact group, H and K subgroups of G, and f, g be
complex valued functions on G, G/H , H\G or H\G/K.
In any combination of these cases,

f̂ ∗g(ρi) = f̂(ρi) ĝ(ρi) (14)

for any given system of irreps RG = {ρ0, ρ1, . . .}.

Plugging in matrices with the appropriate sparsity patterns
into (14) now gives us an intuitive way of thinking about
Case I–III above.

CASE I: X =G AND Y =G/H

Mutiplying a column sparse matrix with a dense matrix
from the left gives a column sparse matrix with the same
pattern, therefore f ∗ g is a function on G/H:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE II: X =G/H AND Y =H\G

Multiplying a column sparse matrix from the right by an-
other matrix picks out the corresponding rows of the sec-
ond matrix. Therefore, if f is a function on G/H , then

w.l.o.g. we can take g to be a function on H\G.
⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

CASE III: f : G/H → C AND g : H\G/K → C

Finally, if f is a function on G/H , and we want to make
f ∗ g to be a function on G/K, then we should take
g : H\G/K:

⎛

⎝

⎞

⎠

f̂ ∗ g(ρ)

=

⎛

⎝

⎞

⎠

f̂↑G(ρ)

×

⎛

⎝

⎞

⎠

ĝ↑G(ρ)

.

5. Main result: the connection between
convolution and equivariance

We are finally in a position to define the notion of general-
ized convolutional networks, and state our main result con-
necting convolutions and equivariance.

Definition 5. Let G be a compact group and N an L+1
layer feed-forward network in which the i’th index set
is G/Hi for some subgroup Hi of G. We say that N
is a G–convolutional neural network (or G-CNN for
short) if each of the linear maps φ1, . . . ,φL in N is a
generalized convolution (see Definition 4) of the form

φℓ(fℓ−1) = fℓ−1 ∗ χℓ

with some filter χℓ ∈LVℓ−1×Vℓ(Hℓ−1\G/Hℓ).

Theorem 1. Let G be a compact group and N be an L+
1 layer feed-forward neural network in which the ℓ’th
index set if of the form Xℓ = G/Hℓ, where Hℓ is some
subgroup of G. Then N is equivariant to the action of G
in the sense of Definition 3 if and only if it is a G-CNN.

Proving this theorem in the forward direction is relatively
easy and only requires some elementary facts about cosets
and group actions.

Proof of Theorem 1 (forward direction). Assume that we
translate fℓ by some group element g ∈G and get f ′

ℓ−1, i.e.,
f ′
ℓ−1 = Tℓ−1

g (fℓ−1), where f ′
ℓ−1(x) = fℓ−1(g−1x). Then

φℓ(f
′
ℓ−1)(u) = (f ′

ℓ−1 ∗ χℓ)(u)

=
∑

v∈G

f ′
ℓ−1([uv

−1]X )χℓ(v)

=
∑

v∈G

fℓ−1(g
−1([uv−1]X ))χℓ(v).
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Covariant neural networks

1. Each node in the graph is a neuron 
      and its activation      is covariant to  
      the action of     .

ni
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G
<latexit sha1_base64="NhzI6BbqnWNs3CtDtONwRnRzm+8=">AAACDXicbVA9TwJBEJ3zE/ELtbTZSEys4M5GGyPRQktI5COBC9lbBtiw95HdPSO5kNhb2OhPsTO2/AZ/ia17QCHgSyZ5eW8mM/O8SHClbfvbWlldW9/YzGxlt3d29/ZzB4c1FcaSYZWFIpQNjyoUPMCq5lpgI5JIfU9g3Rvcpn79EaXiYfCghxG6Pu0FvMsZ1Uaq3LVzebtgT0CWiTMj+etx9uoZAMrt3E+rE7LYx0AzQZVqOnak3YRKzZnAUbYVK4woG9AeNg0NqI/KTSaHjsipUTqkG0pTgSYT9e9EQn2lhr5nOn2q+2rRS8X/vGasu5duwoMo1hiw6aJuLIgOSfo16XCJTIuhIZRJbm4lrE8lZdpkM7elWFVGKkqueFFQjU9FmeY7ypqknMVclkntvODYBadi50s3MEUGjuEEzsCBCyjBPZShCgwQXuAN3q1X68P6tL6mrSvWbOYI5mCNfwGKL52Z</latexit><latexit sha1_base64="TuRsycnPwf8AM6pMfJoOLKmX5MU=">AAACDXicbVC7TgJBFJ3FF64v1NJmIjGxgl0bbYxECy0hcYEENmR2uAsTZh+ZmTWSDV9gYaNf4DfYGVs+wfglts4ChYAnucnJOffm3nu8mDOpLOvbyK2srq1v5DfNre2d3b3C/kFdRomg4NCIR6LpEQmcheAopjg0YwEk8Dg0vMFN5jceQEgWhfdqGIMbkF7IfEaJ0lLttlMoWiVrArxM7BkpXo3Ny/jty6x2Cj/tbkSTAEJFOZGyZVuxclMiFKMcRmY7kRATOiA9aGkakgCkm04OHeETrXSxHwldocIT9e9ESgIph4GnOwOi+nLRy8T/vFai/As3ZWGcKAjpdJGfcKwinH2Nu0wAVXyoCaGC6Vsx7RNBqNLZzG0pO1JLZcEkK3Oi4LEssnxHpk7KXsxlmdTPSrZVsmtWsXKNpsijI3SMTpGNzlEF3aEqchBFgJ7QC3o1no1348P4nLbmjNnMIZqDMf4FsYKfDQ==</latexit><latexit sha1_base64="TuRsycnPwf8AM6pMfJoOLKmX5MU=">AAACDXicbVC7TgJBFJ3FF64v1NJmIjGxgl0bbYxECy0hcYEENmR2uAsTZh+ZmTWSDV9gYaNf4DfYGVs+wfglts4ChYAnucnJOffm3nu8mDOpLOvbyK2srq1v5DfNre2d3b3C/kFdRomg4NCIR6LpEQmcheAopjg0YwEk8Dg0vMFN5jceQEgWhfdqGIMbkF7IfEaJ0lLttlMoWiVrArxM7BkpXo3Ny/jty6x2Cj/tbkSTAEJFOZGyZVuxclMiFKMcRmY7kRATOiA9aGkakgCkm04OHeETrXSxHwldocIT9e9ESgIph4GnOwOi+nLRy8T/vFai/As3ZWGcKAjpdJGfcKwinH2Nu0wAVXyoCaGC6Vsx7RNBqNLZzG0pO1JLZcEkK3Oi4LEssnxHpk7KXsxlmdTPSrZVsmtWsXKNpsijI3SMTpGNzlEF3aEqchBFgJ7QC3o1no1348P4nLbmjNnMIZqDMf4FsYKfDQ==</latexit><latexit sha1_base64="1fCY8GCUyFw3wXjAIIukVaNePWY=">AAACDXicbVBNT8JAEN36ifiFevSykZh4oq0XPRI96BESCyTQkO0yhQ3bbbO7NZKGX+DBi/4Ub8arv8Ff4tUt9CDgSyZ5eW8mM/OChDOlHefbWlvf2NzaLu2Ud/f2Dw4rR8ctFaeSgkdjHstOQBRwJsDTTHPoJBJIFHBoB+Pb3G8/glQsFg96koAfkaFgIaNEG6l5169UnZozA14lbkGqqECjX/npDWKaRiA05USprusk2s+I1IxymJZ7qYKE0DEZQtdQQSJQfjY7dIrPjTLAYSxNCY1n6t+JjERKTaLAdEZEj9Syl4v/ed1Uh9d+xkSSahB0vihMOdYxzr/GAyaBaj4xhFDJzK2YjogkVJtsFrbYnjKSLZliNicanmyZ5zstm6Tc5VxWSeuy5jo1t+lU6zdFZiV0is7QBXLRFaqje9RAHqII0DN6RW/Wi/VufVif89Y1q5g5QQuwvn4B2EebzA==</latexit>

2.  Each activation     is stored in  
     Fourier space. 

fi
<latexit sha1_base64="fwe6OSEGp1hM1sNr5wFwBRUfJKE=">AAACD3icbVA9TwJBEJ3DL8Qv1FKLjcTECu5stCTaWEL0gAQuZG/Zgw17e5fdPSO58BMsbPSnaGVs/Ql2/gtb94BCwJdM8vLeTGbm+TFnStv2l5VbWV1b38hvFra2d3b3ivsHDRUlklCXRDySLR8rypmgrmaa01YsKQ59Tpv+8Drzm/dUKhaJOz2KqRfivmABI1gb6Tbosm6xZJftCdAycWakVD1+q38DQK1b/On0IpKEVGjCsVJtx461l2KpGeF0XOgkisaYDHGftg0VOKTKSyenjtGpUXooiKQpodFE/TuR4lCpUeibzhDrgVr0MvE/r53o4NJLmYgTTQWZLgoSjnSEsr9Rj0lKNB8Zgolk5lZEBlhiok06c1sqrjJSRTLFKhxr+lCRWcLjgknKWcxlmTTOy45dduomsiuYIg9HcAJn4MAFVOEGauACgT48wjO8WE/Wq/VufUxbc9Zs5hDmYH3+Agclnww=</latexit><latexit sha1_base64="PzLTjaevHvI9wZryPpMjm64Ms7Y=">AAACD3icbVC7TgJBFJ31ifhCLTVmIjGxYndttCTaWEJ0gQQ2ZHaYhQmzj8zcNZINpaWFjX6KVMbWT/Ab/ABbZ4FCwJPc5OSce3PvPV4suALL+jKWlldW19ZzG/nNre2d3cLefk1FiaTMoZGIZMMjigkeMgc4CNaIJSOBJ1jd619nfv2eScWj8A4GMXMD0g25zykBLd36bd4uFK2SNQZeJPaUFMtHo+r34/Go0i78tDoRTQIWAhVEqaZtxeCmRAKngg3zrUSxmNA+6bKmpiEJmHLT8alDfKqVDvYjqSsEPFb/TqQkUGoQeLozINBT814m/uc1E/Av3ZSHcQIspJNFfiIwRDj7G3e4ZBTEQBNCJde3YtojklDQ6cxsMR2lJVNyxU1BgD2YMkt4mNdJ2fO5LJLaecm2SnZVR3aFJsihQ3SCzpCNLlAZ3aAKchBFXfSEXtCr8Wy8Ge/Gx6R1yZjOHKAZGJ+/GSigcg==</latexit><latexit sha1_base64="PzLTjaevHvI9wZryPpMjm64Ms7Y=">AAACD3icbVC7TgJBFJ31ifhCLTVmIjGxYndttCTaWEJ0gQQ2ZHaYhQmzj8zcNZINpaWFjX6KVMbWT/Ab/ABbZ4FCwJPc5OSce3PvPV4suALL+jKWlldW19ZzG/nNre2d3cLefk1FiaTMoZGIZMMjigkeMgc4CNaIJSOBJ1jd619nfv2eScWj8A4GMXMD0g25zykBLd36bd4uFK2SNQZeJPaUFMtHo+r34/Go0i78tDoRTQIWAhVEqaZtxeCmRAKngg3zrUSxmNA+6bKmpiEJmHLT8alDfKqVDvYjqSsEPFb/TqQkUGoQeLozINBT814m/uc1E/Av3ZSHcQIspJNFfiIwRDj7G3e4ZBTEQBNCJde3YtojklDQ6cxsMR2lJVNyxU1BgD2YMkt4mNdJ2fO5LJLaecm2SnZVR3aFJsihQ3SCzpCNLlAZ3aAKchBFXfSEXtCr8Wy8Ge/Gx6R1yZjOHKAZGJ+/GSigcg==</latexit><latexit sha1_base64="UcOrub8qDTgw8N2IRWgiSSkad9c=">AAACD3icbVBNT8JAEN3iF+IX6tHLRmLiibZe9Ej04hGjBRJoyHbZwobtttmdGknDT/DgRX+KN+PVn+Av8eoWehDwJZO8vDeTmXlBIrgGx/m2SmvrG5tb5e3Kzu7e/kH18Kil41RR5tFYxKoTEM0El8wDDoJ1EsVIFAjWDsY3ud9+ZErzWD7AJGF+RIaSh5wSMNJ92Of9as2pOzPgVeIWpIYKNPvVn94gpmnEJFBBtO66TgJ+RhRwKti00ks1SwgdkyHrGipJxLSfzU6d4jOjDHAYK1MS8Ez9O5GRSOtJFJjOiMBIL3u5+J/XTSG88jMukxSYpPNFYSowxDj/Gw+4YhTExBBCFTe3YjoiilAw6SxssT1tJFtxzW1BgD3ZKk94WjFJucu5rJLWRd116u6dU2tcF5mV0Qk6RefIRZeogW5RE3mIoiF6Rq/ozXqx3q0P63PeWrKKmWO0AOvrF6MjnMc=</latexit>

Recent example: Cohen et al.’s 
Spherical CNNs

Related: Hinton’s capsules



1. Spherical CNNs
[Cohen, Geiger, Köhler & Welling, 2018]

[K., Lin and Trivedi, 2018]

4. Neural nets for physical systems
[…]

2. Steerability and conv-nets for manifolds
[Marcos, Volpi et al., 2017]

[Masci, Boscaini et al., 2015]
[Worral, Garbin et al., 2017]

3. Neural nets for graphs
[Duvenaud at al., 2015]

[Gilmer et al., 2017]
[Son, Trivedi et al. 2018]

Also see:
[Cohen, Geiger & Weiler, 2018]



2. CCNs for graphs
[Hy, Trivedi, Pan, Anderson and K, JCP special issue]



Kernel approach

Hk(G1, G2)



1. Random walks and spectral ideas

      [Gartner, 2002] [Vishwanathan et al., 2010]

2. Shortest Paths

      [Borgwardt & Kriegel, 2005]

3.  Counting subgrapgs

      [Shervashidze et al., 2009]  [Feragen et al., 2013]

3. Algebraic approach

      [K. & Borgwardt, 2008] 

4. Label Propagation

      [Shervashidze et al., 2009]

5. Hierarchical

      [K.& Pan, 2016]

The kernel approach is an inherently fixed representation.
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1. Invariance to permutations of vertices

2. Ability to capture structure at multiple scales



Compositional approach 
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Label propagation schemes
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[Gilmer et al, ’17] [Kriege, ’16] [Niepert, ’16] [Duvenaud et al., ’15]
[Dai, Dai & Song, ’16]
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1. Satisfies permutation invariance 
2. Aggregates information at multiple different scales 
3. Does not fully account for topology
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Compositional neural networks
[K., Pan, Hy-Truong, Trivedi & Anderson]
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nr {e1, e2, e3, e4}

Composition scheme



Compositional networks (comp-nets)
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fi = �(fc1 , fc2 , . . . , fck)



Covariant Compositional network (CCN)

Quasi-invariant:

�(fc�(1)
, fc�(2)

, . . . , fc�(k)
) = �(fc1 , fc2 , . . . , fck)

Covariant:

�(fc�(1)
, fc�(2)

, . . . , fc�(k)
) = R�(�(fc1 , fc2 , . . . , fck))

Here       is a representation of      .R� Sk



0th order:

Fi
�7�! Fi

1st order:

Fi
�7�! P�Fi

2nd order:

Fi
�7�! P�FiP

>
�

k’th order:

Fi1,i2,...,ik
�7�! [P�]

j1
i1

[P�]
j2
i2

. . . [P�]
jk
ik

Fj1,j2,...,jk



C =A⌦B Ci1,i2,...,ik+p = Ai1,i2,...,ik Bik+1,ik+2,...,ik+p

C =A� (a1,...,ap)B Ci1,i2,...,ik = Ai1,i2,...,ik Bia1 ,ia2 ,...,iap

C =A#a1,...,ap
Ci1,i2,...,ik =

X

ia1

X

ia2

. . .
X

iap

Ai1,i2,...,ik ,

Ci1,i2,...,ik =
X

j

Ai1,...,ia�1,j,ia+i,...,ib�1,j,ib+1,...,k

Ci1,i2,...,ik = Ai1,i2,...,ik�
ia,ib



Ci,j =
∑

a

Aa,i,j Ci,j =
∑

j

Ai,a,j Ci,j =
∑

k

Ai,j,a

Ci,j =
∑

i

Ai,i,j Ci,j =
∑

i

Ai,j,i Ci,j =
∑

i

Ai,j,j

Figure 1: There are six different ways of covariantly reducing a third order tensor to a second order tensor:
three different ways of projecting along each of its dimensions, and three different ways of taking the “trace”
along a pair of dimensions.



Proposition. Assume that A and B are k’th and p’th order P–tensors, respec-

tively. Then

1. A⌦B is a k+p’th order P–tensor.

2. A� (a1,...,ap)B is a k’th order P–tensor.

3. A#a1,...,ap
is a k�p’th order P–tensor.

4. Ai1,i2,...,ik �
a1
1,...,a

1
p1 . . . �a

q
1,...,a

q
pq

is a k�
P

j pj ’th order P–tensor.

In addition, ifA1, . . . , Au are P–tensors and ↵1, . . . ,↵u are scalars, then

P
j ↵jAj

is a P–tensor.



Proposition Assume that node na is a descendant of node nb in a comp-net

N , Pa = (ep1 , . . . , epm) and Pb = (eq1 , . . . , eqm0 ) are the corresponding ordered

receptive fields, and �a!b 2Rm⇥m0
is an indicator matrix defined

�a!b
i,j =

(
1 if qi = pj
0 otherwise.

Assume that F is a k’th order P–tensor with respect to permutations of (ep1 , . . . , epm).

Then, dropping the

a!b
superscript for clarity,

eFi1,...,ik = � j1
i1

� j2
i2

. . . � jk
ik

Fj1,...,jk (1)

is a k’th order P–tensor with respect to permutations of (eq1 , . . . , eqm0 ).



1. Collect all the k’th order activations Fc1 , . . . , Fcs of the children.

2. Promote each activation to eFc1 , . . . ,
eFcs .

3. Stack eFc1 , . . . ,
eFcs together into a k+1 order tensor T .

4. Optionally form the tensor product of T with A#Pt
to get a k+3 order

tensor H (otherwise just set H = T ).

5. Contract H along some number of combinations of dimensions to get s
separate lower order tensors Q1, . . . , Qs.

6. Mix Q1, . . . , Qs with a matrix W 2 Rs0⇥s and apply a nonlinearity ⌥
to get the final activation of the neuron, which consists of the s0 output
tensors

F (i) = ⌥

 sX

j=1

Wi,j Qj + bi

�
i = 1, 2, . . . s0,

where the bi scalars are bias terms.
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HCEP results

[Duvenaud et al., 2015]  [Kriege, 2016] [Niepert, 2016]
[Hachmann et al., 2011]

Under review as a conference paper at ICLR 2018

TABLE 1. HCEP regression results

Method Train MAE Train RMSE Test MAE Test RMSE
Lasso 0.863 1.190 0.867 1.437

Ridge Regression 0.849 1.164 0.854 1.376
Random Forest 0.999 1.331 1.004 1.799

Gradient Boosted Tree 0.676 0.939 0.704 1.005
Weisfeiler-Lehman Graph Kernel 0.805 1.111 0.805 1.096

Neural Graph Fingerprint 0.848 1.187 0.851 1.177
Learning Convolution Neural Network 0.704 0.972 0.718 0.973

CCN 2D 0.562 0.773 0.570 0.773

TABLE 2. Kernel Datasets Classification results(Accuracy +/- std)

Method MUTAG PTC NCI1 NCI109
WL 84.50 ± 2.16 59.97 ± 1.60 84.76 ± 0.32 85.12 ± 0.29

WL-Edge 82.94 ± 2.33 60.18 ± 2.19 84.65 ± 0.25 85.32 ± 0.34
SP 85.50 ± 2.50 59.53 ± 1.71 73.61 ± 0.36 73.23 ± 0.26

Graphlet 82.44 ± 1.29 55.88 ± 0.31 62.40 ± 0.27 62.35 ± 0.28
p-RW 80.33 ± 1.35 59.85 ± 0.95 TIMED OUT TIMED OUT
MLG 87.94 ± 1.61 63.26 ± 1.48 81.75 ± 0.24 81.31 ± 0.22

PSLR k = 10 (Niepert et al) 87.37 ± 7.88 58.57 ± 5.46 70.00 ± 1.98 N/A
Neural Graph Fingerprint 89.00 ± 7.00 57.85 ± 3.36 62.21 ± 4.72 56.11 ± 4.31

CCN 2D 91.64 ± 7.24 70.62 ± 7.04 71.02 ± 4.26 71.42 ± 2.72

TABLE 3. QM9 regression results(Test MAE)

WLGK NGF LCNN CCN 2D
alpha 0.46 0.43 0.20 0.18
Cv 0.59 0.47 0.27 0.23
G 0.51 0.46 0.33 0.29

gap 0.72 0.67 0.60 0.56
H 0.52 0.47 0.34 0.29

HOMO 0.64 0.58 0.51 0.40
LUMO 0.70 0.65 0.59 0.54

mu 0.69 0.63 0.54 0.49
omega1 0.72 0.63 0.57 0.48

R2 0.55 0.49 0.22 0.19
U 0.52 0.47 0.34 0.30

U0 0.52 0.47 0.34 0.29
ZPVE 0.57 0.51 0.43 0.38

features that better inform the target quantum properties. Additionally, we did not have time to run
our experiments on QM9 to full convergence before the submission deadline.

7. CONCLUSION

We have presented a general framework for producing covariant graph neural networks which en-
compasses other message passing approaches as special cases, but takes a more general and prin-
cipled approach to ensuring covariance with respect to permutations. Our results on benchmark
datasets demonstrate our framework’s effectiveness.

15
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Test MAE Test RMSE

Lasso 0.867 1.437
Ridge regression 0.854 1.376
Random forest 1.004 1.799
Gradient boosted trees 0.704 1.005
Weisfeiler–Lehman kernel33 0.805 1.096
Neural graph fingerprints21 0.851 1.177
PSCN (k=10)37 0.718 0.973
Second order CCN (our method) 0.340 0.449

TABLE II. HCEP regression results. Error of predicting
power conversion efficiency in units of percent.

WLGK NGF PSCN CCN 2D

α (Bohr3) 3.75 3.51 1.63 1.30
Cv (cal/(molK)) 2.39 1.91 1.09 0.93
G (eV) 4.84 4.36 3.13 2.75
GAP (eV) 0.92 0.86 0.77 0.69
H (eV) 5.45 4.92 3.56 3.14
HOMO (eV) 0.38 0.34 0.30 0.23
LUMO (eV) 0.89 0.82 0.75 0.67
µ (Debye) 1.03 0.94 0.81 0.72
ω1 (cm−1) 192.16 168.14 152.13 120.10
R2 (Bohr2) 154.25 137.43 61.70 53.28
U (eV) 5.41 4.89 3.54 3.02
U0 (eV) 5.36 4.85 3.50 2.99
ZPVE (eV) 0.51 0.45 0.38 0.35

TABLE III. QM9(a) regression results (mean absolute er-
ror). Here we have only used the graph as the learning input
without any physical features.

31G(2df,p), returning the spatial configurations of each
atom, along with thirteen molecular properties:
(a) U0: atomization energy at 0 Kelvin (eV),
(b) U : atomization at room temperature (eV),
(c) H: enthalpy of atomization at room temperature

(eV),
(d) G: free energy of atomization (eV),
(e) ω1: highest fundamental vibrational frequency

(cm−1),
(f) ZPVE: zero point vibrational energy (eV),
(g) HOMO: highest occupied molecular orbital, energy

of the highest occupied electronic state (eV),
(h) LUMO: lowest unoccupied molecular orbital, energy

of the lowest unoccupied electronic state (eV),
(i) GAP: difference between HOMO and LUMO (eV),
(j) R2: electronic spatial extent (Bohr2),
(k) µ: norm of the dipole moment (Debye),
(l) α: norm of the static polarizability (Bohr3),
(m) Cv: heat capacity at room temp. (cal/mol/K).
We performed two experiments on the QM9 dataset,

with the goal of providing a benchmark of CCN as a
graph learning framework, and demonstrating that our
framework can predict molecular properties to the same
level as DFT. In both cases, we trained our system on
each of the thirteen target properties of QM9 indepen-
dently, and report the MAE for each.

CCN DFT error

α (Bohr3) 0.22 0.4
Cv (cal/(molK)) 0.07 0.34
G (eV) 0.06 0.1
GAP (eV) 0.12 1.2
H (eV) 0.06 0.1
HOMO (eV) 0.09 2.0
LUMO (eV) 0.09 2.6
µ (Debye) 0.48 0.1
ω1 (cm−1) 2.81 28
R2 (Bohr2) 4.00 -
U (eV) 0.06 0.1
U0 (eV) 0.05 0.1
ZPVE (eV) 0.0039 0.0097

TABLE IV. The mean absolute error of CCN compared to
DFT error when using the complete set of physical features
used in Ref. 25 in addition to the graph of each molecule.

1. QM9(a)

We use the QM9 dataset to benchmark the CCN ar-
chitecture against the Weisfeiler–Lehman graph kernel,
Neural Graph Fingerprints, and PSCN. For this test we
consider only heavy atoms and exclude hydrogen. The
CCN architecture is as described above, and settings for
NGF and PSCN are as described for HCEP.

2. QM9(b)

To compare to DFT error, we performed a test of
the QM9 dataset with each molecule including hydro-
gen atoms. We used both physical atomic informa-
tion (vertex features) and bond information (edge fea-
tures) including: atom type, atomic number, acceptor,
donor, aromatic, hybridization, number of hydrogens,
Euclidean distance and Coulomb distance between pairs
of atoms. All the information is encoded in a vectorized
format. Our physical features were taken directly from
the dataset used in Ref. 25 without any special feature
engineering.
To include the edge features into our model along with

the vertex features, we used the concept of line graphs
from graph theory. We constructed the line graph for
each molecular graph in such a way that an edge of the
molecular graph corresponds to a vertex in its line graph,
and if two edges in the molecular graph share a common
vertex then there is an edge between the two correspond-
ing vertices in the line graph. (See Fig. 6). The edge
features become vertex features in the line graph. The
inputs of our model contain both the molecular graph
and its line graph. The feature vectors Fℓ between the
two graphs are merged at each level ℓ.
We present results for both the CCN 1D and CCN 2D

architectures. For CCN 1D, our network is seven layers
with 64 input channels; at the first and second layer the
number of channels is halved, and beyond that each layer

QM9



3. N-body networks
[K., 2018] [Anderson, Hy & K, in preparation]
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However, a tensor product of representations is itself a representation of SO(3), therefore, similarly to (3),
w must have a decomposition of the form

w = S
[ L⊕

ℓ=0

τℓ⊕

m=1

wℓ
m

]
, (5)

where each wℓ
m is irreducible. This is called the Clebsch–Gordan decomposition or Clebsch–Gordan

transform. FastCG addresses the problem of efficiently computing this transform. More specifically, it
provides routines for computing the {wℓ

m} irreducible fragments of w from the irreducible fragments of
v1, . . . ,vk:

{{[v1]
ℓ
m}ℓ,m, . . . , {[vk]

ℓ
m}ℓ,m} !−→ {wℓ

m}ℓ,m. (6)

An important special case is when v1 =v2 = . . .=vk =v , i.e., when w is the k’th tensor power

w = v⊗k = v ⊗ v ⊗ . . .⊗ v︸ ︷︷ ︸
k

. (7)

The fact that factors in the product are the same induces symmetries in w that can be exploited computa-
tionally. For this reason, FastCG treats tensor products and tensor powers separately.

Products of vectors consisting of a single fragment

The simplest type of Clebsch–Gordan decomposition occurs when we take the product of two vectors u and
v, each consisting of just a single fragment uℓ1 and vℓ2 . Representation theory tells us that in this case
when we decompose z = u ⊗ v into irreducible fragments, we get exactly one fragment for each value of ℓ
from | ℓ1 − ℓ2 | to ℓ1 + ℓ2:

u⊗ v =
ℓ1+ℓ2⊕

ℓ=|ℓ1−ℓ2|

zℓ. (8)

In this equation and those that follow, to simplify the notation, we leave the S transformation matrix that
appeared in (5) implicit. The actual elements of z can be computed relatively easily from uℓ1 and vℓ2 , since
for this case there are explicit formulae for the elements of S (we will denote the entry of S connecting
[uℓ1 ]i1 [v

ℓ2 ]i2 with [zℓ]i as C(ℓ1, i1, ℓ2, i2 ; ℓ, i).)

Assuming for the sake of example that ℓ1 = ℓ2 = 1, we can depict the Clebsch–Gordan decomposition of
u⊗ v graphically as

u1 ⊗ v1 !→

z0

z1

z2

Note that the multiplicity of each irrep on the right hand side of (8) is one (or zero). Also note that the
dimensionality of the vectors on the two sides of the arrow match up. On the left hand side we have the
product of a 2ℓ1 +1 dimensional vector with a 2ℓ2 +1 dimensional vector, so u ⊗ v is (2ℓ1 +1)(2ℓ2 +1)
dimensional. The dimensionality of the right hand side (assuming without loss of generality that l2 ≤ l1) is

ℓ1+ℓ2∑

ℓ=ℓ1−ℓ2

(2ℓ+ 1) =
((2(ℓ1+ℓ2)+1) + (2(ℓ1−ℓ2)+1)

2
((ℓ1+ℓ2)− (ℓ1−ℓ2)+1) = (2ℓ1+1)(2ℓ2+1).



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form

u0
1

u1
1 u1

2

⊗
v0
1

v1
1 v1

2

"→

z01

u0
1⊗v0

1

z02

u0
1⊗v1

1

z03

u0
1⊗v1

2

z04

u1
1⊗v0

1

z05

u1
2⊗v1

2

z11

u0
1⊗v1

1

z12

u0
1⊗v1

2

z13

u1
1⊗v0

1

z14

u1
2⊗v0

1

z15

u1
1⊗v1

1

z16

u1
1⊗v1

2

z17

u1
2⊗v1

1

z18

u1
2⊗v1

1

z21

u1
1⊗v1

1

z22

u1
1⊗v1

2

z23

u1
2⊗v1

1

z24

u1
2⊗v1

2

Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



Computation graphs
As discussed in Part 1, higher order CG-product and CG-power computations break down into a sequence of
elementary Clebsch–Gordan transforms. One of the key features of FastCG is that it constructs an explicit
computation graph to represent this. For example, the actual graph used by FastCG to compute the product
of three vectors u,v and w, each of type (1, 1) is the following:

u0 u1 v0 v1 w0 w1

TP0
TP1

TP2
TP3

TP4
TP5

TP6 TP7 TP8

TP9
TP10

TP11
TP12

z0 z1 z2 z3

Here TP0–TP12 are TPnode<TYPE> objects, and each pair of incoming arrows signifies that the values of the
parent nodes are to be combined with an elementary CG transform to yield the appropriate part of the child
node’s value. Each TPnode holds the following information:

◦ A pointer to an SO3part object that holds the value of the node.
◦ A pointer to an SO3part object that holds the gradient at the node if backpropagation is required.
◦ Pointers to each pair of nodes that must be combined to compute the value of the node.

In contrast, the dashed arrows signify that the data matrices of the inputs/outputs are shared with the
TPnode, obviating the expense of explicit copying.



1 TPprogram CGproduct (){
2 TPpart0 (l=0)[0m (n=1){
3 input (0 ,0);
4 }
5 TPpart1 (l=1) (n=1){
6 input (0 ,1);
7 }
8 TPpart2 (l=0) (n=1){
9 input (1 ,0);

10 }
11 TPpart3 (l=1) (n=1){
12 input (1 ,1);
13 }
14 TPpart4 (l=0) (n=1){
15 input (2 ,0);
16 }
17 TPpart5 (l=1) (n=1){
18 input (2 ,1);
19 }
20 TPpart6 (l=0) (n=2){
21 CG(2 ,4)[0];
22 CG(3 ,5)[1];
23 }
24 TPpart7 (l=1) (n=3){
25 CG(2 ,5)[0];
26 CG(3 ,4)[1];
27 CG(3 ,5)[2];
28 }
29 TPpart8 (l=2) (n=1){
30 CG(3 ,5)[0];
31 }
32 TPpart9 (l=0) (n=5){
33 output (0);
34 CG(0 ,6)[0];
35 CG(1 ,7)[2];
36 }
37 TPpart10 (l=1) (n=9){
38 output (1);
39 CG(0 ,7)[0];
40 CG(1 ,6)[3];
41 CG(1 ,7)[5];
42 CG(1 ,8)[8];
43 }
44 TPpart11 (l=2) (n=5){
45 output (2);
46 CG(0 ,8)[0];
47 CG(1 ,7)[1];
48 CG(1 ,8)[4];
49 }
50 TPpart12 (l=3) (n=1){
51 output (3);
52 CG(1 ,8)[0];
53 }
54 }

Figure 1: The TPprogram for computing the product of three vectors of type (1, 1). Each instruction of
the form CG(i,j)[n] stands for “Combine nodes i and j with an elementary CG transform and insert the
result in this matrix starting with column n.” Note the correspondence to the compute-graph.



or, specializing to the case ℓ1 = ℓ2 = ℓ0,

C(ℓ0, i1, ℓ0, i2 ; ℓ, i) = (−1)2l0−ℓ C(ℓ0, i2, ℓ0, i1 ; ℓ, i).

Plugging in to (11), this implies that when 2ℓ0− ℓ is odd, the constribution of any [vℓ0 ]i1 [v
ℓ0 ]i2 term will be

exactly cancelled out by the corresponding [vℓ0 ]i2 [v
ℓ0 ]i1 term. In other words, when 2ℓ0 − ℓ is odd, wℓ =0.

As a simple example, if ℓ0 =1,

v1 ⊗ v1 #→

w0

w1

w2

where the ℓ = 1 has been shaded to show that it vanishes. FastCG’s CGpower function recognizes this
phenomenon and does not compute fragments that are structurally zero in this sense. Hence, the ouput of
a call to CGpower in this case would just be an SO(3)–vector of type (1, 0, 1).

In higher order tensor powers symmetries can also manifest in less obvious forms. Continuing the above
example, consider the third order tensor power v⊗v⊗v (where again v consists of a single ℓ=1 fragment).
Breaking up the product in the form (v⊗v)⊗v and using our above result on the form of v⊗v would seem
to give

v1 ⊗ v1 ⊗ v1 #→

u0

u2

⊗ v1 #→

w1
1 w1

2

w2

w3

u0⊗v1 u2⊗v1

u2⊗v1

u2⊗v1

#→
w̃1

1

w̃3

However, a careful analysis shows that actually (a) the two ℓ=1 components in the result are scalar multiples
of each other and (b) the ℓ= 2 component is structurally zero. Therefore, the correct reduced type of w is
(0, 1, 0, 1).

Finding the symmetries of higher order tensor powers requires determining how the symmetric group acts on
each isotypic part of the product vector. Solving this problem analytically is fairly involved. Instead of an
analytic solution, the CGpower routines in FastCG run a series of empirical tests on random SO(3)–vectors
to find rank deficient SO(3)–parts (both in the final result and in the intermediate stages of the computation)
and reduce them by the appropriate basis transformation. Since this process needs only be carried out once
for tensor powers of a given type, the result and subsequently reused. This strategy considerably accelerates
the computation of high order CG powers.



As a simple example, the product of two vectors u and v, both of type τ = (1, 2) is of the form
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Once again, the dimensionalities match up, since on the left hand side we have (1+ 2×3)× (1+ 2×3) = 49,
while on the right hand side, 5×1 + 8×3 + 4× 5 = 49.

Naturally, in higher order Clebsch–Gordan products, some of the Zℓ
I subparts will be composed of multiple

fragments. For example, taking the product of u,v and w, each of type (1, 1), gives

u0

u1

⊗
v0

v1

⊗
w0

w1

"→

u0⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v0⊗w1 u0⊗v1⊗w0 u1⊗v0⊗w0 u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u0⊗v1⊗w1 u1⊗v0⊗w1 u1⊗v1⊗w0 u1⊗v1⊗w1

u1⊗v1⊗w1

Once again, (1+3)× (1+3)× (1+3) = 64 and (5×1) + (9×3) + (5×5) + (1×7) = 64.



L= (1, 1), S = {}L= (1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(1, 2)}

L= (1, 1, 1), S = {(2, 3)}

L= (1, 1, 1), S = {(1, 2, 3)}

Figure 2: The compute-graph for computing the symmetrized third order CG-power of an SO(3)-vector of
type (0, 2). SPnodes sharing the same major label L and symmetry label S are grouped together with blue
dashed rectangles.
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Us (10k) Deep (95k) SchNet (1k) GDML (1k) GDML (50k) s-GDML (1k) DTNN (50k)

aspirin 0.349 0.201 0.250 0.270 0.129 0.189 -
benzene 0.036 0.065 0.080 0.069 0.074 0.099 0.039
ethanol 0.062 0.055 0.070 0.150 0.053 0.069 -
malonaldehyde 0.107 0.092 0.130 0.159 0.076 0.099 0.189
naphthalene 0.069 0.095 0.200 0.120 0.118 0.120 -
salicylic acid 0.221 0.106 0.250 0.120 0.111 0.120 0.500
toluene 0.079 0.085 0.160 0.120 0.095 0.099 0.180
uracil 0.073 0.085 0.130 0.111 0.074 0.099 -

MD-17
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[Chmiela, Tkatchenko, Sauceda, Poltravsky, Schütt, Müller, 2017]
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